Calculus 1 & 2 Subject Notes

Trigonometric Functions

Trigonometric functions

Readers will be familiar with the standard trigonometric functions.

Formula Domain and Range
sin(x) D:R
R: R
cos(x) D:R
R: R
sin(x) D: R\ {nm:n € 7}
t —
an( ) os(x) R: R

Reciprocal trigonometric functions

The basic trigonometric functions all have reciprocals that also have distinct names.

Formula Domain and Range Graph
_ D:R\ {nm:n € Z} cosec(x)
cosec(x) = sin(x) R:R\ (-11)

cosec(x)




1 I/
Sec(x) = Cos(x) D:R \ {E +nm:n € Z} see(x) seclx)
R:R\ (-1,1)
cos(x) \\\ //
2 \\ //3/;”'7 2[71
sec(x)
D:R\ {nm:n € 7}
cot(x) =
) tan(x) R:R
_cos(x)
~ sin(x)
tan(x) cot(x)

Trigonometric identities

Pythagorean identity

a? 4+ b? = ¢ - sin?(0) + cos?(9) = 1

sin?(0)
cos?(0)
cos?(0)

- cos?(0)

sin2(8)  sin2(0)

Compound angle formulae

- tan?(0) + 1 = sec?(6)

- 1+ cot?(08) = cosec?(6)

These identities can be derived by considering the following diagrams.

B.. .. .F

(£+x)urs

cos(x+y)

IR
.

esln

Uj




We can calculate the side lengths as follows:

DC AD 3 BF CF
sin(x) = AC cos(x) = ac sin(x) = B cos(x) = B
__bc _AD _ _ BF _CF
) o) 0509 = Gos) SN = 5ne) st = Sty

.~ DC = sin(x) cos(y) -~ AD = cos(x)cos(y) - BF =sin(x)sin(y) -« CF = cos(x)sin(y)
This allows us to derive the first two identities:

sin(x +y) = DF
=DC + CF
sin(x + y) = sin(x) cos(y) + cos(x) sin(y)

cos(x +vy) = AE
= AD — DE
cos(x +y) = cos(x) cos(y) — sin(x) sin(y)

Using sin(—y) = —sin(y) and cos(—y) = cos(y) we find:

sin(x —y) = sin(x + (—}’))
= sin(x) cos(—y) + cos(x) sin(—y)
sin(x — y) = sin(x) cos(y) — cos(x) sin(y)

cos(x —y) = COS(x + (—J’))
= cos(x) cos(—y) + sin(x) sin(—y)
cos(x —y) = cos(x) cos(y) + sin(x) sin(y)

We can also find similar identities for tan:

sin(x + y)
cos(x + )
sin(x) cos(y) + cos(x) sin(y)
~ cos(x) cos(y) — sin(x) sin(y)
sin(x) cos(y) . cos(x) sin(y)
_cos(x)cos(y) = cos(x) cos(y)
B __ sin(x) sin(y)
cos(x) cos(y)
tan(x) + tan(y)
1 — tan(x) tan(y)

tan(x +y) =

tan(x +y) =

sin(x — y)
cos(x —y)
sin(x) cos(y) — cos(x) sin(y)
~ cos(x) cos(y) + sin(x) sin(y)
sin(x) cos(y) _ cos(x) sin(y)
_cos(x)cos(y) cos(x) cos(y)
B sin(x) sin(y)
cos(x) cos(y)
tan(x) — tan(y)
1 + tan(x) tan(y)

tan(x —y) =

tan(x —y) =

The double angle formulae can be found using simple manipulations substituting x = y above.



Table of compound angle formulae

sin(x + y) = sin(x) cos(y) + cos(x) sin(y)

cos(x + y) = cos(x) cos(y) — sin(x) sin(y)

sin(x — y) = sin(x) cos(y) — cos(x) sin(y)

cos(x —y) = cos(x) cos(y) + sin(x) sin(y)

tan(x) + tan(y)
1 — tan(x) tan(y)

tan(x +y) =

tan(x) — tan(y)
1 + tan(x) tan(y)

tan(x —y) =

Table of double angle formulae

sin(2x) = 2 sin(x) cos(x)

cos(2x) = cos?(x) — sin?(x)

2 tan(x)

tan(2x) = Tnz(x)

Implied domain and range

When considering a composite function, the range of the inner function must intersect with the
domain of the outer function. The implied domain of a composition function f(g(x)) =(fog)x)
is the set of all x in the domain of g such that f(g(x)) is defined. Similarly, the implied range is the
set of all y for which y = f(g(x)) for some x.

For example, consider h(x) = +/log(x). We have a range of R for the inner function and a domain of
[0, ) for the outer function. Thus the domain of the inner function must be restricted to [1, ) to
yield the required range of [0, ). Hence the implied domain is [1, ).

Inverse functions
If £ is a function defined as:

fiX-Y,  fO=y

Then the inverse function g is defined as:

gY-X, g(f(x)) =x

» f(x)=y




In order for an inverse function to exist, the initial function f must be one-to-one, meaning that each
element of the codomain Y is only reached by a single element of the domain X. An easy way to
determine if a function is one-to-one is if a horizontal line passes through a graph of the function
only once.

Inverse trigonometric functions
Since all trigonometric functions are periodic they are obviously not one-to-one, and thus in order
for an inverse function to exist the domain must be restricted to make them one-to-one. The

standard restriction of the domain is [— g,%] With this restriction we can define the inverse

trigonometric functions.

Formula Domain and Range Graph
0 = arcsin(x) D:[-1,1] T
R[-Z2 .
L2’2
J 1 : ‘
-1 -3 5 1
_I
o
6 = arccos(x) D:[-1,1] s
R:[0, 7]
2
| 1 i
-1 -1 0 1 1
6 = arctan(x) D: R x
772 N B ST
R:(-%,5
& E
o
-4 -2 2 4
T
o
_
2




To evaluate an inverse trigonometric function we use the following technique:

arccos (sin (— g)) =6

2
3
—£:cos(9)
2
g = _57r
T8 6

Hyperbolic trigonometric functions

Hyperbolic functions are analogs of the ordinary trigonometric functions defined for a hyperbola
rather than on a circle: just as the points (cos t, sin t) form a circle with a unit radius, the points (cosh
t, sinh t) form the right half of the equilateral hyperbola. They obey the key identities:

cosh?(x) — sinh?(x) = 1
1 — tanh?(x) = sech?(x)

Formula Domain and Range Graph
1 D:[-1,1] v
— X —-X )
coshG) =zl +e™ | o -2 cosh(z)
2'2
1
0 “x
1 D:[-1,1] v
sinh(x) ==-(e* —e™ ’
() =3¢ ) R: [0, 7] sinh(z)
0 ax
e*—e™* D:R v
tanh(x) = W R T tanh {JJ]I
(—=,= 14— - —— - —— o
(-33)
N
0 £
_________ -_1




Reciprocal hyperbolic trigonometric functions

The hyperbolic trigonometric functions also have reciprocals.

=
I

coth(xz)

Formula Domain and Range
1 D:R
h =
sech(x) cosh(x) R:(0,1]
2
h(x) = ————
sech(x) P
1 D:R\0 cosech (x)A
—_ T (pX _ ,—X%
cosech(x) = > (e e ™) R:R\ 0
2
cosech(x) = P g
X
e*+e™* D: R\{0} ]
coth(x) = ex —eX R:R\ [-1,1]

Hyperbolic trigonometric identities
Hyperbolic trigonometric identities mirror those of the regular trigonometric functions.

Table of hyperbolic compound angle formulae

sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y)

cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y)

sinh(x — y) = sinh(x) cosh(y) — cosh(x) sinh(y)

cosh(x — y) = cosh(x) cosh(y) — sinh(x) sinh(y)




Table of hyperbolic double angle formulae

sinh(2x) = 2sinh(x) cosh(x)

cosh(2x) = cosh?(x) + sinh?(x)

cosh(2x) = 2 cosh?(x) — 1

cosh(2x) = 2sinh?(x) + 1

Inverse hyperbolic trigonometric functions
The inverse hyperbolic trigonometric functions are unusual in that they can be written as logarithms.

sinh(arcsinh(x)) = x

l(earcsinh(x) _ e—arcsinh(x)) =x
2

earcsinh(x) _ e—arcsinh(x) =2
eZ arcsinh(x) _ erarcsinh(x) —-1=0
earcsinh(x) — Z_X _|_1 4x2 + 4
2 72

earcsinh(x) =x++/x2+1

arcsinh(x) = In (x ++/x% + 1)

tanh(arctanh(x)) = x

earctanh(x) _ e—arctanh(x)

earctanh(x) + e—arctanh(x) =

X

earctanh(x) —e” arctanh(x) _— xe arctanh(x) + xe~ arctanh(x)

e2 arctanh(x) _ 1= erarctanh(x) +x

(1 _ x)QZarctanh(x) _ (1 + x) =0

1+x

earctanh(x) —
1—x

1+x>
1—x

1
arctanh(x) = Eln(




Complex Numbers

Introduction to complex numbers
A complex number z is a quantity consisting of a real number added to a multiple of the imaginary
unit i:

z=x+1iy
Where x,y € Rand i = v—1. The set of all complex numbers is denoted C.

Complex numbers can be represented graphically using an Argand diagram (also called the complex
plane), in which the real component x is plotted on the horizontal axis and the imaginary component
y is plotted on the vertical axis.

Im
A .
Z=X+i
yp- i
r/
o
o\ e x > Re
N
o _
Z=x—Iiy

Complex numbers z; and z, are equal if and only if both the real and imaginary components are
equal:

Z1 =2 ©xy =%xpand y; =y,

Operations on complex numbers
Complex numbers can be manipulated using standard operations as follows:

Addition . .
z1 + 2, = (X1 +iyg) + (x2 + iy2)

= (%, +x2) +i(ys +y2)

Subtraction . .
Z1 — 2z, = (x1 +iy;) — (X2 + iyy)

= (X1 —x) +i(ys —y2)

Scalar multiplication kz, = k(x + iy)

= (kx) + i(ky)

Multiplication . .
P 212y = (%1 + iy) (xp + iy3)

= X1Xp +ix)1 + i9f1)’2 + %Y1y,
= (X1x2 — ¥1Y2) + i(x1Y2 + x2¥1)




Addition, subtraction, and multiplication of complex numbers in the Argand plane is directly
analogous to the same operations on vectors.

Im Im

by
+
&

"" Re Re

Im

- Re

Complex conjugate

A new operation not defined for real numbers is called the complex conjugate. It is denoted by the
bar notation (Z ‘z bar’), and is defined as keeping the real component and inverting the sign of the
imaginary component. Hence:

Z=x1— iy

The complex conjugate is used in performing division of complex numbers. This is done by
multiplying the denominator by its complex conjugate, so as to ensure that the denominator
becomes real.

zy Xty
7, X+ iy,
=x1+iy1 xxz—iYZ
Xy iy, Xz =1y,
O i) (xp — iy2)
B x5 — (iy2)?
O i) (xp — iy2)
B x5 — (iy2)?
_ (xX1%2 — y1¥2) + i(x1Y2 + x2)1)
X3 + 3

Zy  [(X1X2 —V1Y2 X1Y2 T X291 .
= 2 7|t 2 2|t
Z3 X,y X,y




Complex polar form
Complex numbers can be represented in Cartesian form and polar form.

z=x+1iy
z=rcos(0)+r sin(9)|

This leads to a definition of the modulus of a complex number r, defined as the length of the
complex number from the origin. It is calculated as:

|z| =1 =/x? + y?

Im Im

Related to this is the argument of z, denoted arg(z) or simply 8, which is the angle in the counter-
clockwise direction from the real axis that the complex number points in. The argument of z is not
unique, since adding multiples of 2 does not change the position of z in the complex plane.
However, there is only one value of the argument that satisfies —m < 8 < m, which is called the
principal argument of z and is sometimes denoted Arg(z) with a capital A.

To convert a complex number from Cartesian to polar form, first calculate the modulus and then
take the arctan of the ratio of x and y.

Z=x1+iy;

r= |5+

6 = arctan (&>
X1

The polar form as the following properties:

|Z125| = |21, ]
|Z| ||
wl ]

arg(z,z;) = arg(z;) + arg(z,)
z
arg (;) = arg(z) — arg(w)

The complex exponential
The complex exponential is an equation that relates exponentials and trigonometric functions:

|ei9 = cos(0) + isin(9)|




This equation seems very counterintuitive, however it can be shown fairly simply using the

MacLaurin series for sin(x), cos(x), and eZ.

b 3 5

' D™ s X
sm(x)z mx :x_§+a+...
_ (1)71 ~ o a—
cos(x) = (2 )' _1_§+Z+...
_ o 2" z? 73
—z —1+Z+§+§+
n=0

If we substitute z = ix into the exponential series we find:

. 00Z 22 Z3
elX:Z—_1+z+—+—+
n! 3!
n=0
L )2 (i)?
=1+ix+ 2 3 + -
x2  x3 x* X
—1+lx—§—l§+—+ §+

xz x* x3  x°
1—?'{'5'{' +i X—§+§+
e™ = cos(x) + isin(x)

The complex exponential has the following properties:

Zero angle ol = 1
Multiplication 0160 gi(0;) — i(61+6;)
Division RICH .
N - 61(91—92)
ellbz

The complex exponential can be augmented with the modulus to define any complex number:
z = x + iy = r(cos(x) + isin(y)) = re'®
The complex exponential also gives rise to new definitions for sin 8 and cos 6.

el? + e79 = cos(0) + i sin(8) + cos() + i sin(—0)
= 2 cos(@) + i(sin(f) — sin(A))
= 2 cos(6)

1, . )
cos(0) = E(e“9 + e‘“g)
el —e~9 = cos(0) + i sin(8) — cos(8) — i sin(—0)
= 2isin(6)
1, . )
sin(9) = Z(e“9 — e‘“g)



De Moivre’s Theorem
De Moivre’s theorem states that for any integer n:

|Z" = r"e™® = r"(cos(nb) + isin(nG))|

This formula is very useful because it allows one to compute powers of complex numbers without
expanding large numbers of brackets.

14
Example: find (ﬁ) in exponential and Cartesian form.

2 14
(1 + i) =zra+n™

1
= 214 (\/E arctan (I))
-14

= pl4 (2%&(%))
= pl4 (2-73‘1‘”(%)>
= 27e_i 777-[)
= 27ei(g_87n)
= 27ei(g)

T . ym
=128 (cos (E) 4+ isin (E))

=128(0 + i(1))
14

()" < 12s
1+ ~ %

This method can also be applied in reverse to express trigonometric functions as sums of powers.

-14

Example: express sin(360) in terms of powers of sin(8).

sin(36) = Im(e3%9)
=Im|(e®)’]
= Im[(cos @ + isin6)3]
= Im[cos3(8) + 3 cos?(8) isin(@) — 3 cos(8) sin?() — i sin3(0)]
= 3 cos?(0) sin(@) — sin3(0)
= 3(1 — sin?(0)) sin(8) — sin3(0)
sin(30) = 3sin(@) — 4sin3(0)

Roots of complex numbers
Finding the roots of a complex number z means solving the equation (forw € C) :

zZ"=w
Writing both numbers in exponential polar form this becomes:

(rei‘g)n = S€i¢

rheind — ¢pi¢



We thus find the solution by equating the modulus:

rt=s
1
r=sn
And also by equating the argument:
nd = ¢ + 2km

6 :%(¢+2kn)

Note that in order to find all n roots, we need k = (0,1,2, ...,n — 1).
Example: find the 4" roots of 1 — v/3i.

z* =1—+/3i
. T
rteit® — 2,1(-5)
1
LT = 24

Vs
“ 40 =— 5 + 21 x (0,1,2,3)

61
=——+-—=x(0,1,2
6 12+ (0,1,2,3)
0= m 5w 11n —7m
C12°12° 127 12
1 . 7 11
Wz =24 (e_(%)l,e_(g) 7T )

1\/§,1\/_1\/§1\/§i

The same method can also be used to find the roots of polynomials. The Fundamental Theorem of
Algebra states that every polynomial of degree n can be factorised into n linear factors, using
complex numbers.

P(z) =a(z—c))(z—cy)...(z—cp), VP(z)
Example: solve z* — 222 +4 =0

(22?2 -2(z)+4=0
2t+v4-16
2

1
=1+ -V-12

=1 i%(Z)\/—_S

=14+vV/-1x3
2=1++/3i
2 — Zeii(g)
5= \/_ei[i(ﬁ)”(orl)]

2 =\2e6 \Ze 6 NBe 6 NTe 6

z? =



Limits of Functions

Defining limits

A function f(x) is said to have a limit L € R as x approaches a if the value of the function
approaches arbitrarily close to L whenever x is close enough, but not actually equal to, a. We
denote this as follows.

lim f(x) = L

Note that a limit must have the same value approaching from either above or below (in the x axis),
otherwise it does not exist. As such, even if the function is defined at a, the limit may not exist.
Conversely, limits can exist even if the function is not defined at a.

Limit laws
Limits obey the following properties, so long as the limits of both functions f and g exist.

lm[f() + g(o] = lim f() + limg ()
lim[cf (x)] = clim £ (x)

lim[f()g()] = limf(x) - limg ()
lim f&) = ’lci_r}‘llf(x)

roa|g@0] T limgGo)

lim[c] =c¢

x—a
lim[x] =a
x—=a
n
lim[x™] = (limx)

xX—-a X—-a

Techniques for evaluating limits
Factorisation

Some limits can be solved by factorisation, and cancellation of terms in the numerator and

denominator.
Example: solve the following limit by factorisation.

. [x2 — 4] . (x—2)(x +2)
xl—Ig_x—Z__xl—rg (x—2)

= lim(x + 2)
i xX—>2

=4

lim
x-2|x—2

Rationalisation

Some limits can be solved by rationalisation of the denominator, followed by cancellation of terms in

the numerator and denominator.

Example: solve the following limit by rationalisation.



x—1 _ (x—1D(x+1)
[ﬁ] ~ | E DGR+
i [(x -D(Wx+1)

(x—1)
= Ll_rg(ﬁ +1)

lim
x—-1

x—-1

Division of polynomials

Limits involving division of polynomials can sometimes by evaluated by dividing all terms by a term
of order of the polynomial.

Example: solve the following limit using division.

- 2 3_
. 3x%2 —2x+3 . 3-xt2
xl—>r£lo x2+4x + 4 _xl—>r£10 1+£+i
2
X X<
T 2 31
CJlim 3 -2+ 7]
T 4 41
lim |1+ 5+ 27|
. . 2 . 3
~lim[3] - lim [7] + lim [ 5]
- . 4 ) 4
lim[1] + lim [£] + lim [ 5]
. 3x*—2x+3|
o | X2+ ax+ 4|

Sandwich theorem

This technique is useful for proving limits involving trigonometric functions. The theorem states that
if g(x) < f(x) < h(x) when x is near a (but not equal to a), then:

limg(x) =limh(x) =L = limf(x)=1L
xX—a x—a xX—a
Example: solve the following limit using the sandwich theorem.
1
—1 < sin (—) <1
X

1
—x? < x?sin (—) < x?
x

1
—lim[x?] < lim [xz sin (—)] < lim[x?]
x—0 x—0 X x—0
1
0 <lim [xz sin (—)] <0
x—0 X
0

1
~ lim [xz sin (—)]
x—-0 X



L’Hopital’s rule
This technique is used when a limit involves the ratio of two limits which both tend to 0 or co. In

such cases the rule states that:

li = =g or— lim
xoa | g(x) ~ lim[g()] 0 o T Mg T g (o

f@]_ Mm@l o o f@_ . @]

Note that this only applies of the limits of the derivatives exist. This can also be applied multiple
times, involving the second derivative, third derivative, etc.

Example: solve the following limit using L'Hopital’s rule.

1
lim [x_§ ln(x)] = lim

X—00 X—00 %

= lim =T
a(’“)

1
I
= lim —|
|

X—00

Differentiability
A function is continuous at x = a if lim,_,, f(x) = f(a).

The derivative of a function f(x) at the point x = a is defined by:

o [flath) - f(@
f(x)—llrr(l)[ o ]

The function f (x) is differentiable at x = a if this limit exists. A function does not need to be
continuous at a point in order to be differentiable at that point.

f(x) f(x)

X -

o, ; Not differentiable
Differentiable at x=a at x=0

d



Differential Calculus

Implicit differentiation

Sometimes we want to find the derivative of one variable with respect to another even without an
explicit functional form for the relationship. To do this we assume that one variable y depends
implicitly on another variable x, then differentiate both sides of our equation with respect to x, and
finally rearrange to solve for dy/dx.

Example: given x? — xy + y* = 5, find dy/dx.

x2—xy+y*=5
4w _de) A" _
dx dx dx

dy 5 (4Y
2x—(y+xa>+4y (E>_O

0

dy 3 (Y
2x—y—xa+4y (E>_O
d
(%)(4y3—x)=y—2x
dy y—2x
dx  4y3 —x

Derivatives of inverse trigonometric functions
Differentiation of inverse trigonometric functions requires use of implicit differentiation. We begin
with arcsin.

y = arcsin(x)

sin(y) = x
dsinG) _
dx
dy
=1
cos(») ;)
dy 1
dx  cos(y)
d arcsin(x) B 1
dx 1 —sin?(y)
d arcsin(x) _ 1
dx V1 —x2

We find the derivative of arccosine using a similar method.

y = arccos(x)

cos(y) = x
d(cos(y)) L
dx a
d
—sin(y) (d—z> =1
ﬂ -1

dx  sin(y)



darccos(x) -1

dx 1 — cos?(y)
darccos _ -1
dx  1—x2

Finally we find the derivative of arctan.

y = arctan(x)

tan(y) = x
d(tan(y))
——7 -

dx

dy
2 _— =
sec“(y) I 1
dy 1
dx  sec2(y)
darctan(x) 1
dx " tan2(y) + 1
darctan(x) 1
dx 14 x?

Function extrema
Whether a function is increasing, constant, or decreasing over some domain is directly related to the
sign of its derivative over that domain.

Theorem: If f is continuous over the interval [a, b] and differentiable
over (a,b), then

1. If f/(z) > Oforall z € (a,b) then f is increasing over [a, b].
2. If f/(x) < Oforall z € (a,b) then f is decreasing over [a, b].

3. If f/(x) = 0forall z € (a,b) then f is constant over [a, b].

These results give rise to the relation between local maxima/local minima and the derivatives of a
function. In particular, local maxima and minima are often stationary points, where the tangent to
the function is horizontal. Specifically a stationary point occurs when f'(x) = 0.

local and global max

local max

local max

local min

local and global min

The points where a function attains its overall largest and smallest
values are called its global extrema.



A stationary point can be either a local maximum:

flxg)=0

Fix m1 J<0
r T.{'M)}O

Slxg)=0

a local minimum:

or neither:
Fix)=0
f‘ “J:O

Filxh=0

In the third case, the stationary point is called a point of inflection.

A related concept is that of concavity, which pertains to the second derivative of the function.

Theorem: Suppose f and f' are differentiable on an interval.

1. If f”(x) > 0O for every = in the interval, then f is concave up on
the interval.

2. If (=) < 0O for every z in the interval, then f is concave down
on the interval.

A point where f changes concavity has a special name:

Definition: A point of inflection is a point where f changes be-
tween being concave up and concave down.

Differentiation via the complex exponential
The complex exponential can be used to simplify differentiation of very high orders, if we can write
the original function as a complex exponential with a linear function g of the argument 6.

anr danr )

- _- ig(6)

den (&) = den (ret®)
= r[ig(8)]"e9®

dTl

= (f@) =ri"lg(@)]res®



Example: Solve the following derivative using the complex exponential.

56 56 '
7556 (e~ tsint) = Wlm[e‘telt]
56

= 456 Iml[e (=]
dse .
— -1
=Im [m et(l )]
= Im[(i — 1)%¢et(-D]
= Im[(—1 + )*et(-1)]

= Im [(\/ie(%”)i)% et(i—l)]

= Im[(228¢42m)¢t(-D)]
56

dt56

(e~tsint) = 228(e"tsint)

Differentiation of hyperbolic trigonometric functions
Differentiation of hyperbolic trigonometric functions is similar to that of regular trigonometric
functions.

We find the derivative of cosh and sinh in the same way.

d d(1 . .
a(cosh(x))=a(§(e +e ))

=2 —e™)
2

i (cosh(x)) = sinh(x)
dx

d . _ano
a(mnh(x))—a(E(e e ))
1

= E(ex +e™)

d B
a(smh(x)) = cosh(x)

The derivative of tanh is found as follows.

d

d b B sinh(x)
dx (tanh(x)) = dx (cosh(x))
d sinh(x)
dx

d cosh(x)

cosh(x) — Tx

cosh?(x)
cosh?(x) — sinh?(x)
cosh?(x)
1
- cosh?(x)

sinh(x)

d
— (tanh(x)) = sech?(x)
dx




Derivatives of the inverse hyperbolic functions can be found by implicit differentiation.

y = arcsinh(x)

sinh(y) = x
d(sinh(y))
M

dx
dy
cosh(y) (E) =1
dy 1
dx  cosh(y)
darcsinh(x) 1
dx J/ 1+ sinh?(y)
darcsinh(x) 1
dx VxP+1

We find the derivative of arcosh using a similar method.

y = arccosh(x)

cosh(y) = x
d(cosh(y))
M

dx
: dy
sinh(y) (E) =1
dy 1
dx  sinh(y)
darccos(x) 1
dx Jcosh?(y) — 1
darccos 1
dx  xz2—-1

Finally we find the derivative of arctanh.

y = arctanh(x)

tanh(y) = x
d(tanh(y))
—~ ¥ 1
dx
dy
h?2(y)-==1
sech”(y)
dy 1
dx  sech?(y)
darctanh(x) 1
dx ~ tanh2(y) + 1

darctanh(x) 1
dx 1 —x2




Integral Calculus

Fundamental theorem of calculus

The Fundamental Theorem of Calculus describes the relationship between differentiation and
integration. Specifically, it states the integral of the derivative of a function is equal to the original
function, meaning that integration is equivalent to anti-differentiation.

= Fa
fe) = . dt
Integration is linear:

faf(x) dx = aff(x) dx
f(f(x)+g(x)) dx = jf(x) dx+f9(x) dx

Integration is in general much more complicated than differentiation, in large part because there are
no direct analogues to the product, quotient, and chain rules used in differentiation. Instead a wide
range of techniques are used to solve more difficult integrals.

Substitutions

Integration by substitution requires knowledge of differentiation to make an informed guess about a
substitution to make which will transform the integral into a form that is easier to solve. Specifically,
if we can write the integrand in the form of the product of a composite function and the derivative
of the inner part of that function, then the integral can be simplified greatly.

du
fg(u(x))adx = fg(u) du
Example: solve the following integral:
f cos(3x) 4/sin(3x) + 4 dx

Here the outer function g(u) will be vu, while the inner function will be sin(3x) + 4. Hence:

u(x) = sin(3x) + 4

gw) =Vu

du

i 3 cos(3x)

This yields:
1du 1
f\/ﬂ)(gadx—gf\/ﬂdu

_ 12 %
33"

2 3
f cos(3x)+/sin(3x) + 4dx = 5 (sin(3x) +4)2+C



Another form of integral substitution involves identifying an ‘annoying bit’, which if simplified would
enable the integral to be solved. Often this involves simplifying the argument of a square root or
logarithm.

Example: substitute out the inconvenient component of the integral to solve:

f(2x+1)\/x—3dx
letu=x—-3
du_1
dx

f(z(u +3) + 1)\/53—1;6135 = f(2u+ 7Vudu
3 1
=quf+7u7du
2\ 5 3\ 3
=2(§>u2+7(z)u2+C
f(2x+1)mdx=§(x—3)g+%(x—2)%+C

Trigonometric identities

Integrals involving products of trigonometric functions can often be solved by using one or more
trigonometric identities. There are two main cases to consider, depending on whether both
functions have even powers or if at least one function has an odd power.

Odd case

In the odd case, one power can be split off to form a derivative, which can then be substituted out
using standard substitution methods described above. A trigonometric identity is then used to
eliminate the undesired function, so everything is written in terms of a single trig function. To see
how this works, let n be odd, then we have:

f sin™(x) cos™(x) dx = f sin™(x) cos™ 1 (x) cos(x) dx

We can now eliminate the cos(x) using the identity:
cos?(x) +sin?(x) =1

Thus we have:

n—1

f sin™(x) cos™ 1 (x) cos(x) dx = _[ sin™(x) (1 — sinz(x))(T) cos(x) dx

: d
Now let u = sin(x), and hence ﬁ = cos(x):

n—1 n—1

J sin™(x) (1 — sinz(x))(T) cos(x) dx = fum(l - uz)(T) du

The integrand on the right is now a polynomial, and so after expansion can be solved using standard
methods. Hence we have for n being odd:



n—1

f sin™(x) cos™(x) dx = jum(l — uz)(T) du, with u = sin(x)

Note that essentially the same process can be followed with integrals involving tan(x) and sec(x).
tan?(x) + 1 = sec?(x)
Even case

If both powers are even, the double angle identities are instead used:
1
sin?(x) = 3 (1 — cos(2x))
1
cos?(x) = > (1 + cos(2x))

Hence for m and n both even we have:

1 m "
j Sinm(X) Cosn(x) "= '[ (E (1 - COS(Zx))) (E(l + CoS(Zx))) dx
= 2(7f7j:—n)/2f(1 - COS(ZX))%(]_ + COS(Zx))% do

This process of substitution using the double angle identities continues until the right hand side is
reduced to a sum of single powers of sin(nx) or cos(nx), where n € Z. Note that no derivative
substitution is needed in this case.

Partial fractions
The method of partial fractions can be used to solve integrals of the form:

P"(x)
Q™ (x)

Where P™(x) is a polynomial of degree n < m, and Q™ (x) is a polynomial of degree m. Note that if

X

the numerator has a higher degree than the denominator, polynomial long division can be
performed prior to applying this technique.

The technique of partial fractions involves writing the integrand as a sum of smaller components,
which can be individually integrated. In particular it turns out that for denominators that factorise
into n distinct linear factors, it is always possible to write:

f(x) A Ay Ay

= -|- +...+
x—a)x—ay)..(x—a,) x—a, x—a, X—ay

In the other extreme case when there are n repeated factors in the denominator, we can write:

f () Aq n A, As

x—a)" x—a (x—a)2+m+(x—a)"

Intermediate cases in which there are some repeated factors and some distinct linear factors will
factorise as a combination of these two extremes. To find the coefficients A;, simply write the partial
fraction equation as shown above, then perform cross multiplication on the right hand side until the



denominators are equal. This will allow the numerators to be equated and hence the coefficients to
be solved for.

Hence the integral for a function that has a denominator that can be factorised into n distinct linear
factors is given by:

f( f&) dx=ZAiln|x—ai|+C

x—a)(x—ay)..(x —ay,)
In the other extreme case where there are n repeated factors in the denominator, we have:

f) oA 1
mdx—Allnlx—al—;(i_l)(x_a)i_1+C

Example: solve the following integral using partial fractions.

9x + 1 d_fAl L A2
(x—-3)(x+1) X= x—3 x+1 x
Aix + A Ay, x — 34,

dx

AR MCEDCTD
) f (A, + A)x + (A, — 34)
B x—-3)(x+1)

Hence we have:

9=A4;+A4, and 1 =4, — 34,
Substituting we find:

Al :1+3A2
Ay =1+27— 34,

44, = 28

A =7
Ay=9—7
Ay =9—7
A2:2

Thus we have:

9x + 1 d _f 7 4 2 P
(x—3)(x+1) x= x—3 x+1 x

o[ L [
N x—3x x+1x

x =T7loglx — 3|+ 2loglx + 1|+ C

9x + 1 p
(x—3)(x+1)

Example: solve the following integral using partial fractions.

f 2x—1 d _f 2x—1d
X2 —6x+9 "7 (x —3)? *



Because of the repeated factor we write as partial fractions as follows:

2x -1 A A,

G327 x—3 =32
CAx—34, A,
T Tx-3)2 x-3y

Hence we have:
2=A; and —1=-34;+ 4,
Substituting we find:

—1=—6+4,
A2=5

. 2x—1d_f2+ 5 p
=32 T ) =3 T k=32

= 2In|x — 3] —L+C
x—3
Trigonometric substitutions
A special subset of substitutions is very useful when the integrand takes the form of the sum or
difference of perfect squares inside a square root. In such cases a trigonometric substitution can be
performed, as indicated in the table below.

Integrand Substitution
1 dx
2 _ 42 - = i —
a’ — x?, g x asm(B),dB a cos(0)
va? + x? 1 x = asinh(0) ax_ a cosh(8)
’ va? + x? - 'do
1 dx
2 _ 42 - - — G
x? —a?, = X = acosh(B),dQ a sinh(6)
1 dx
— — 2
712 X = atan(B),dQ asec*(9)

Example: solve the following integral using a trigonometric substitution.

5cosh(8) dé

1 1
— dx =
fv25+x2 g .f¢52+(5ﬁmm9n2
B f 5 cosh(6) 46
) 5/1 + sinh2(8)
B f 5 cosh(0) 6
~ J 5cosh(8)

=f1d9

—0+C




J 4 i h(x)+C
— dX = arcsin -
V25 + x2 5

Integration by parts
This technique can be used to solve integrals of the form:

[9eoreax

Where g(x) can be differentiated easily, and f(x) can be integrated easily. The technique can be
derived using the product rule for differentiation.

:—x(f(x)g(x)) = f'(0g(x) + f(0)g' ()
[ £ (@) ax = [ £g0 + fg ) dx
FO9) = [ £100g0dx + [ £G0g ) dx
[ rr@g@ ax = g0 - [ rwg e ax

Example: solve the following integral using integration by parts.

jxesx dx = (x) (§€5x> - f (%eSx) (1dx

=§65"—%f€5"dx
zgeSx_%eSx_i_C
. e5x 1
X —_ —_ —
fxe dx = c (x 5)+C

In cases involving a trigonometric function, performing integration by parts twice will recover the
original form of the function (since the second derivative of sin x is — sin x), thereby enabling the
original integral to be solved by rearranging.

Example: solve the following integral using recursive integration by parts.

1 1
J e3¥*sin(2x) dx = e3* (—Zcos(Zx)) - f 3e3* (—Ecos(Zx)> dx
1 3
=— 563" cos(2x) + E_f e3* cos(2x) dx
= —le3x cos(2x) + 3 [e3x (1 sin(2x)> - f 3e3x (l sin(2x)> dx]
2 2 2 2
=— le3x cos(2x) + 3 [le” sin(2x) — Ef e3* sin(2x) dx]
2 212 2
1 3 9
f e3*sin(2x) dx = — 593" cos(2x) + Ze3x sin(2x) — Zf e3* sin(2x) dx
13 1 3
TJ e3*sin(2x) dx = — §e3x cos(2x) + Ze:"'x sin(2x)

2 3
f e3*sin(2x) dx = — 1—363" cos(2x) + 1—363" sin(2x) + C



Volumes of solids of revolution
Rotation about the x-axis

When rotating a function about the x-axis, the thickness is taken as an infinitesimal, with the radius
written as a function of x, which is then integrated over the domain.

Vgiice = m(radius)? - thickness .

y

LA

dlus =

——

thlckn‘ess’ =

h
Vstice = f n[r(x)]z dx
0
In the simple case of a cone 45-degree cone where r = x we find:
h 1
Vslice = f T[XZ dx = —7Th3
0 3

This is the formula for the volume of a 45-degree cone.
Rotation about the y-axis

The method is effectively the same when considering rotation about the y-axis, except in this case
the radius is written as a function of y, and the integration is performed overy.

.
=~ x= gy}
e
G, NEr 1‘11:P
]
o
D X

Vsiice zj;) n[x(y)]zd



Volume by washers

As shown in the diagram below, the same method can also be applied in the case of hollow regions.

* Foner |

iy

outer

The volume of a washer is:

Vivasher = Vlarge disc — Ysmall disc

= 7 - royter - thickness — - 72,4, - thickness

= 7+ (r3uter — Tinner) - thickness



Differential Equations

Introduction to differential equations

A ordinary differential equation is an equation that involves x, y, and derivatives of y such as dy/dx
or higher derivatives. The order of a differential equation is the highest derivative found in the
equation. Most commonly only first and second order differential equations are used.

The general solution of a differential equation defines the complete set of all solutions for that
equation. A particular solution is one element from the general solutions that satisfies more specific
conditions.

Solution by direct integration
The simplest form of differential equation has a right hand side that is only a function of x. These
equations can be solved directly by simple integration.

dy

a=f(x)

y(x) = f () dx

Example: solve the following using direct integration.

dy 1

dx 1+ x2
_f L 4
= 1+ x2 X

dx
let x = tan(0) i sec?(0)

1
— - 2
Y f1+tan2(9) sec”(6) df
_f sec?(0)
~ ) 1+tan2(0)
y=f1d9
y=0+C

y = arctan(x) + C

A slightly more complex form occurs when the right hand side is only a function of y. These
equations can also be solved by direct integration after some simple rearrangement.

dy

T kg(y)

1
——dy = kdx
g Y

fﬁdy=fkdx

Example: solve the following using direct integration

dy_ —
ax VY



lety = 2sin(0)
_ . (Y
X = arcsin (E) +C

x=fld9

6+C
arcsin (g) +C

=
I

X
32—/= sin(x — C)
y = 2sin(x — C)

Separable differential equations

A more complex type of differential equation again occurs when the right hand side can be
factorised into a function of x only and a function of y only. This type of equation is called a
separable differential equation.

dy
T fx)gy)

These equations can be solved by separation of variables.

1
70) dy = f(x)dx
fidy= ff(x)dx
9(y)

Example: solve the following separable differential equation

dy 1
— =——— with IV (x,y) = (0,3)
dx  2yV1— x2 g
dy _ 1 1
dx ~1—x2 2y
1
2y dy = T dx

1
2 dy = dx
fyy f\/l—x2

let x = sin(6)

1
2
y =f—cos(9) do
v/ 1 —sin?(0)
y? =f1d9
y2=0+C

y? = arcsin(x) + C
(3)? = arcsin(0) + C
cC=9



~y =,/arcsin(x) + 9

Example: the logistic model can describe population growth rates in the presence of competition
(negative x2 term) and harvesting (removing a certain number of the population per time
increment, negative constant h). This equation takes the form:

dx k )
_dt: x——x“—h
d
d—)tczkx(l——)—h

gzkx(l_g)
1 dx
kx(l—g)dt B

1
[t = [
X
ke (1-3)
1f © _dx=t+cC
k) x(a—x) x=

af L _ax=t+c
k) x(a—x) x=

Solve by partial fractions:

1 _A+ B
x(a—x) x a-—x
1 _A(a—x) Bx

x(a—x) x(a—x) x(a—x)
1=A(a —x)+ Bx
1=Aa — Ax + Bx
1=Aa+x(B—A4)

1 1

WA =—, B =-—
a a

Solving the integral yields:

af1+ LI N
k) ax a(a—x) x=

1f1+ ! dx=t+C
k)] x (a—x) x=

[In(x) —In(a—x)]=t+C

| =

X
ln(a_x)=kt+C
X
—— =exp(kt + C)
a—x

X
— = C kt
—— = exp(C) exp(ikt)

X
= Aexp(kt)
a—x



x = aAexp(kt) — Aexp(kt) x
x + Aexp(kt) x = aA exp(kt)
x(1 + Aexp(kt)) = aA exp(kt)
aA exp(kt)

1 + Aexp(kt)
a

“1+4 exp(—kt)

X

To solve for A we can write x(t) = x, and then we have:

a
X0 = T Aexp(0)
xo(1+A4)=a
Xo +Axy =a
a— x

Xo

Hence we find the overall solution:

a
1+ (a ;Oxo) exp(—kt)

X =

Solving for the steady-state solution when the derivative is equal to zero:

X
0=x(a—x)
x=0o0orx=a

This is consistent with the fact that exp(—kt) — 0 as t — oo, and hence x tends to a.

First-order linear differential equations
A first-order linear differential equation has the form:

dy

M+f@w=g@)

This equation cannot be solved by direct integration. Instead, we solve this by using the technique
called an integrating factor. This requires us to find a function v(x) that satisfies the following

condition:
d(v(x))
— = fe)
%dv(x) = f(x)dx

1
v(x)
ln(v(x)) = ff(x) dx

v(x) = exp ( f f(x) dx)

v(x) = ff(x) dx



The use of such a function is that we can now rewrite the original differential equation in terms of
the derivative of v(x)y as follows:

dy _
—+ )y = g(0)
d
V() 2=+ (O ()Y = v()g()
d
— () = v(g®)
vy = [ vge) dx
1
y=2o5 | V9@ dx

The function v(x) = exp(J f(x) dx) is called the integrating factor. It allows us to solve the
equation by multiplying both sides by v(x), then combining the two left hand side terms into a
single derivative with respect to x, then integrating.

Example: the sum of the voltages in a circuit with a periodic voltage source, an inductor, and a
resistor (an RL circuit) is given by the equation:

0=V (1) Ldl RI
=V, cos(¢ T

Where L is the inductance and R is the resistance, with current I. This can be written as:

LdI—V (¢t) — RI
P 0 cos(¢
dI+RI_V0 (D)
a Tl = cos@

Note that this has the form of a linear differential equation. We first find the integrating factor:

v(t) = exp (f f dt)

= exp (f%dt)
R
v(t) = exp (Z t)

Using the result from above we have:

I(t) = LJ v(t)g(t) dt
v(t)
1 R \V,
= @j exp (Z t)focos(qbt) dt
Vo/L

exp (7t)

To solve this integral we can use repeated integration by parts:

I(t) = _[ exp (% t) cos(¢t) dt

f exp (% t) cos(¢pt) dt = %exp (% t) cos(¢t) — j %exp (% t) (—¢) sin(¢t) dt



_ %exp (lz t) cos(pt) + %d) f exp (% t) sin(¢t) dt

= %exp (R ) cos(¢t) +— (;b [ exp (R ) sin(¢t) — f%exp (% t) ¢ cos(¢t) dt]

= %exp ( ) cos(¢t) + ¢ (}lé) exp( )sm(¢t) ( )2 @2 f exp (% t) cos(¢pt) dt

<1+() >fexp(
fou

2

t) cos(¢pt) dt = —exp ( t) cos(opt) + ¢ (£) exp (E t) sin(¢t)

~| =

L
= (% t) cos(¢pt) + ¢ (}lé)z exp ( ) sin(¢t)

(o)

[ AN
(F) cos(opt) + ¢ (E) sin(¢t) Le

(1+ () #)

~| =

t) cos(¢pt) dt =

f exp (% t) cos(¢t) dt = exp (% t)

Substituting this into the solution we find:

[(%) cos(¢t) + ¢ (%)2 sin(qbt)] N

| (1 + (%)2 ¢2> | (% t)

L { Qo sof3) o)+
I(t) = —Jcos(¢pt) + ¢ (| sin(¢pt) |+
1+(%)2¢2 =) cos =) sin - %t
1) = Yo ((5) cos(¢t)+¢sin(¢t)>+ - 10t)
v@) (14 ) e) e (1)
o

> > ((%) cos(¢pt) + ¢ sin(¢t)> + % exp (— % t)
2

(B

To solve for C we substitute I(t,) = I, for t, = 0:

lol-= L<(RV—><(§)) * VTC

1) +¢’
IoL = ((E)l/jé) +VoC
L
Vo R
-
_ oL _ (R/1)

o (1) +4?)



Hence we arrive at:

10 = ——2 i ‘0 p (-2 ) ot (/1)

—|( (= cos(¢>t)+¢sin(¢)t)>+—0e pl—=t
L<(§)2+¢2><<L) x ( L

R
=L< R cos(¢>t)+¢sin(¢)t)>+1 exp —Bt —%exp —Et
L<(§)2+-¢z> <L) 0 ( L ) L<(§)2+-¢z> L )

~| =

() - (1) R

L <(§)2 + ¢2) () L<(52—0> <(z) cos(dt) + ¢ Sin(qbt))

I1(t) = Iyexp (—

2
L) +o
Second order linear differential equations
Second order differential equations contain second derivatives in addition to (or instead of) first
derivatives. Many such equations are difficult to solve, but simple methods can be used to solve a
special class of such equations known as linear differential equations with constant coefficients.

Homogenous equations

These have the form:

dy? dy
a<@>+b(a>+cy— 0

They can also be written in more compact notation:
ay" +by' +cy=0
Solutions of this equation always take the form:
y(x) = e™

Substituting in this particular solution we find:

ar?e? 4+ pre® + cet* =0
(a2? + bA+c)e™ =0
al> +bl+c=0

This is known as the characteristic equation. The solutions to this equation for A determine the form
of the general solution of the differential equation under consideration. There are three possible

cases.

Case Description Values of 4 General Solution

b? — 4ac > 0 | Two distinct values A, 1, ER y(x) = Aet* + Bet2*

b? — 4ac = 0 | Single solution A y(x) = Ae** + Bxe™

b? — 4ac < 0 | Two complex M=a+iBA=a—if | y(x) = Ae(@*tif)x 4 pela—ib)x
conjugate values




Example: solve the following homogenous linear differential equation if y(0) = —1 and y'(0) = 2.

yu_4yl+13y= 0

Ax

Use the trial solution y = e”* we have:

A2eM — 4™ +13eM* =0
(A2 —421+13)e™* =0
A2 —42+13=0

—b +Vb? — 4ac
A= 2a
L 16— 4 (3)
2(1)

1
3=2i§—%6

1 .
/1=2i§6l
A=2+3i

We therefore find the solution (with complex coefficients):

y(x) = Ae(+30% | pe(2-30x
y(x) = (A, + iAz)e(2+3i)x + (B + iBz)e(2—3i)x

The coefficients can be found using the initial conditions:

y(0) = (A + iA,)e@*3D© 4 (B, + iB,)e?-30(0)

y(0) = (4, + i4,)e@+3D© 4 (B, + iB,)e@ 3D
—1= (4, +i43) + (B, +iBy)

~ By, =—A4A,

“By=-1—4,

y'(x) =02+ 3i)Ae@+3Dx 1 (2 — 3j)Be2-30Dx

y'(0) = (2 + 3i)Ae@+3D© 4 (2 — 3{)Be(2-3D(0)
2= (2+30)(4; +idy) + (2= 30)(By +iBy)
2=(2+30)(A; +i4y) + (2 —30)(-1— 4, — iAy)
2= 241 + 2iAz + 314y + 3i%Ay — 2 — 2A; — 124, + 3i + 3iA, + 314,
4 = 6iA, — 64, + 3i

4+ 64; = (64, +3)i
2 1

.'.A :——A — — —
2 3J 1 2

Substituting these back into the solution equation we have:
1 2 : 1 2 _
y(x) = <_§ — 51) e@2+30x 4 (_E + §l> e(2-30x

1 2, . 1 2. N
y() = <_§ N §l) e?*(cos(3x) + i sin(3x)) + (_E + §l) e?*(cos(3x) — i sin(3x))



1 2 o1 2 L
y(x) = e?* (—Ecos(Bx) - §cos(3x) i— Esm(Sx) i-3 (i%) sm(3x)>
+e?* (— 1cos(3x) + Ecos(3x) i+ lsin(Sx) i— z (i?) sin(3x)>
2 3 2 3

At last we find the full general solution:

4
y(x) = —e** cos(3x) + §e2x sin(3x)

Inhomogeneous equations

These have the more general form:

dy? d
a(d—zz>+b(£)+cy=f(x)

Or equivalently:
ay" +by' +cy = f(x)

Note the key difference from homogenous equations being the presence of a function of x on the
right-hand side.

To solve these types of equations, we first find the solution to the homogenous version of the same
equation (y, (x)), then find a particular solution (y,(x)) to the inhomogeneous equation. The
general solution to the inhomogeneous equation will then be:

y(x) = yp(x) + 3 (x)

Particular solutions can be found by substituting various trial-solutions into the equation and solving
for any unknown coefficients. The following table indicates which trial solutions should be used.

Table 2.1 Method of Undetermined Coefficients

Term in r(x) Choice for y,(x)
ke™ Ce™
| kx"(n=0,1,--+) Kpx" + Kp—x" P+ -+ Kyix + Ko
| k cos @x

[ ke™ cos wx

}K cos ax + M sin ax
}z’"‘"{K cos wx + M sin @wx)

| ke™ sin wx

| ksin wx

Example: solve the following inhomogeneous differential equation.
y" + 2y —8y =3 —24x? + 7e3*
First solve the inhomogeneous equation.

y'+2y'—8y=0



A2+21-8=0

A_—Zi\/4+32
B 2

A=-1+4+3

1=—472

This yields the homogenous solution:
yp(x) = Ae™* + Be?*
We now find a particular solution using the trial solution y, (x) = Ax? + Bx + C + De?*

yp(x) = 2Ax + B + 2De?*
¥y (x) = 2A + 4De?*

Substituting into the inhomogeneous equation to find coefficients:

y" + 2y —8y =3—24x? + 7e3*
2A +9De3* + 2(2Ax + B + 3De3*) — 8(Ax? + Bx + C + De3*) = 3 — 24x?% + 7e3*
2A +9De3* + 4Ax + 2B + 6De3* — 84Ax? — 8Bx — 8C — 8De3* = 3 — 24x?% + 7e3*

(2A+ 2B —8C) + (44— 8B)x — 84x% + (9D — 8D + 6D)e3* = 3 — 24x? + 7e3*

Solving for the coefficients:
—84 =—-24
A=

4A -8B =0
A—2B =0
2B =3
_3
B=3
24+ 2B —-8C =3
6+3—-8C=3
8C =6
_3
=3
9D —-8D+6D =7
7D =7
D=1

This yields the particular solution:

3 3
¥p(x) = 3x? tox ot e?*

We therefore find the general solution as the sum of homogeneous and particular solutions:
y(x) = yr(x) + yp (%)

3 3
y(x) = Ae ™ + Be®* 4+ 3x% + SXFoH 02X



Example: the equation for an RLC circuit with a resistor with resistance R, an inductor of inductance
L, and a capacitor of capacitance C, is given by:

Ld21+RdI+1I—
dt? dt ¢
d*l Rdl 1

—+——+
dt?  Ldt CL
The characteristic equation is:

/12+R;t+ ! =0
L CL

' . R 1
If we define a new set of variables ¢ = — and wy = — then we have:
2L VLC

A=—a+ /az—wg

If & < wq then the system is said to be overdamped. The result is a set of decaying solutions:

1(t) = ,<1e<_0(+\[0(2fw3>1t + Be(_a_\/m>t

If @ > w, then the system is said to be underdamped. The result is a set of oscilating and decaying
solutions:

I(t) = Ae(_a+i\[m>t + Be(_a_i\[m>t

= Ae™* <cos( a?— w§t> + isin( /az - w§t>>
+ Be™*t <cos< /az — w§t> —i sin< la? — a)gt))

=(A+ B)e % cos( /az — w§t> + (A —B)ie™® sin( /az — wgt)

1(t) = C;e™*" cos (\/fw%t) + C,e™% sin (\/fwét)

If @« = wy then the system is said to be critically damped. The result is a set of rapidly decaying
solutions:

|I(t) = D,e"% + D,te™ 4t




Multivariate Calculus

Graphs of conic sections
While a circle cannot be represented by a single function, the general formula for a circle is centered
at (h, k) and radius r is given by:

(x—h)?+(x—-k)?=r?

This can be adapted into an equation for an ellipse by introducing separate dilation factors for each
dimension. Note that an ellipse does not have a radius, but rather has a major axis and a minor axis.

1

(x—h)?*  (x—k)?
xaz + xbz =

A

-k+b

-h+a

&b |

A modification with a negative sign gives rise to the equation for a hyperbola:

(x—h)?* (x—k)?
a2 bz

1



y-k= lj" (x-h) y

Functions of two variables

A function of two variables is a generalization of the concept of a function of one variable. Itis a
mapping that assigns a single number to each pair of real numbers (x,y) in some subset of the two-
dimensional domain R?. Such functions can be depicted in a three-dimensional graph.

P Flag
(b R s s -S‘urf‘:utc
e z=f(x.y)
>)
(x.y.0) domain D

As an example of a two-dimensional function, any plane in R3 can be expressed as:

ax+by+cz=d
cz=d—ax—by

d
zZ=-
c

()_a b+d
fly) = cx cy c

Level curves
A curve on the surface z = f(x, y) for which z is a constant is called a contour, or when represented

in the xy-plane is called a level curve. It is formally defined as:

{6 y):f(x,y) =c}



Example 5, page 540

Partial derivatives
The limit of a two-variable function is defined as:

floy) =1L

lim
(,y)~(x0,¥0)

If when (x, y) approaches (x,, yo) along any possible path in the domain, f(x, y) gets arbitrarily
closeto L.

Such a function is said to be continuous at (x, y) = (xg,y,) if:

f(x'y) = f(XO'yO)

lim
(x¥)~(x0,¥0)

A partial derivative measures the rate of change of f when one variable changes while holding the
other variable constant. The two partial derivates for a two-variable function are:

— = lim .

ox h—0

of _ F@y+m—ﬂmw
— = lim

ay h—0 h

Partial derivatives are computed in exactly the same way as regular derivatives, except that the
other variable not being differentiated with respect to is treated as a constant.

Example: find both partial derivatives for the following function.

(x,y) = 3x3y? + 3xy*
y y y

of

_:922 34—
Ox x“y“+ 3y
0
%=6x3y+12xy3

Second order partial derivatives are defined similarly to first order partial derivatives. Note the
variety of notations for such derivatives.

0% f 0 (af)

axz = T = 5 ox



2
eS8

If the second order partial derivatives exist and are continuous, then f,,, = f,,.

The value of a function near a point (x,, ¥o) can be approximated using its partial derivatives:

of
— Xo) + |(x0 vo) Y — Yo)

f(x y) ~ f(xO'yO) + |(x0y0)(

Stationary points
A stationary point of f(x,y) is a point where both partial derivatives are equal to zero. This

corresponds to a point at which the tangent plane to the graph is parallel to the xy-plane.

Three important types of stationary points are

IO

cal Local Saddle
Mmlmum Maximum Point

If all partial derivatives exist in an open disk around (x, yo), we can construct what is called the

Hessian matrix, defined as:

H= fxx fxy]

fyx fyy
The determinate of the Hessian matrix is:

detH = fxxfyy - fxyfyx
detH = fxxfyy - fxzy

If det H > 0 we say the matrix is positive definite. This is useful in identifying the nature of a

stationary point as follows:

Type of stationary point
Local minimum

Condition
detH > 0and fy,y <0orf,, <0

detH > 0and fy, <0orf,, >0

Local maximum

detH <0

Saddle point

detH =0

Test inconclusive




Double integrals

Integration in functions of two variables works in essentially the same way as in functions of one
variable. Partial integrals involve integrating with respect to only one variable, keeping the other
constant.

Example: solve the following integration.
f 3x%y + 12y%x3 dx = x3y + 3y2x* + c(y)

Functions of two variables can also be integrated with respect to both variables, forming what is
called a double integral defined over some area A and domain D.

ff fxy)dA = ff f(x,y) dxdy

This integral is interpreted as the volume under the surface z = f(x, y) above the domain D.

Fubini’s theorem states that the order of integration is not important if the function is continuous
over the domain D. Hence:

ffo(x’y)dA=foOCJ)dxd}/:ffo(x,y)dydx

Example: solve the following double integral if D = [—1,1] x [0,1].

1,1
ffx2+y2dxdy=f f x2 +y?dxdy
D 0 J-1

_[2 L208]
— 3773V,
2,2
33
4
ffx2+y2dxdy=—
R 3



