Quantum Mechanics Subject Notes

Basic Formalism

Postulates of Quantum Mechanics

1.

At each moment of time t, the state of a physical system is represented by a ket [1(t)) in the
vector space of states.

Every observable characteristic of a physical system is described by a Hermitian operator A that
acts on the ket.

The only possible result of the measurement of an observable is one of the eigenvalues of the
operator A, such that Ay (t)) = E4|Y(t)).

When a measurement of an observable A is made on a generic state [), the probability of
obtaining an eigenvalue a; is given by [(¢;|1)|?, where |¢;) is the eigenstate of the operator A
which has the eigenvalue a;.

Immediately after the measurement of state |Y) has yielded the value a;, the state of the system
is said to have ‘collapsed’ into the normalised eigenstate |¢;).

The time evolution of a state [)) is given by [ (t)) = U(t, ty) | (t,)) for the unitary operator U,

) = H(OU (L, ).
The state space of a composite quantum system is the tensor product of the state spaces of its
constituent system, such that |¥) = Y}; Ci2. n YD Y2) - [YN)-

where U satisfies the Schrodinger equation ik

Useful identities
Identities relating to state kets:

(Bla) = (@lB)’
@) = > la'Xala)

Z|a'>za'| -1

al

Ala)(a| = |a)(alAT
Ala,b) = ala, b) and B|a, b) = b|a, b) iff AB = BA

Commutation of a function of an operator is given by:

0
(A, B)] = in

Generator of translation
The space translation operator is given by:

Thy =1—iGAx

We identify the momentum operator as the generator of motion, yielding:

iDx
=1-—2Ax
h

A finite translation is made up of repeated infinitesimal translations:



AxyV
T(Ax) = I\l]im [1 — ip—x—

n N
ip,Ax
T(Ax) = exp (— P;;l )
Projection probabilities
Suppose we have an eigenvalue relation:
Ala) = ala)

Suppose we are in state |a), but we now measure some other variable B. The probability of getting the
value B = b is found by considering the eigenket corresponding to b:

BIB) = b|B)

The probability we want is then simply the projection of |a) onto the state |S):
Pgetbina = |(,8|(Z)|2

Expectation values
The expectation value of an operator A measuring state |a) is found by computing:

(4) = (aldla) = ) (@lAlk)kla) = ) Kalk)(kla)
k k

If no state |a) is specified, we can write a general state in some given basis just by using undetermined
coefficients. Likewise we find:

(A%) = (A4) = (a|AA|a)
These can be combined to get the uncertainty:
(A4)* = (A%) —(4)°

Matrix elements
An operator can be written as the outer product of two sets of basis kets {|a’)} and {]a’’}}:

X = Y ja"Na" Xla'Na|

[ !

a a

Written in matrix form this becomes:

(ai|X|a1) (ai|X|az) ...
X = NazlXlar) (azlXlas)

For example if X = |a){f]| then we have for basis kets |a), |b):

(aila)Blby) (azla)Blby) ]

X = (azla).(,3|b1) (a2|“).<ﬂ|b2)

Suppose we have |a) = |s, = §> and |B) = |s, = g), then we have:



¥ = [(a1|Sz = h/2)(sy = h/2|b1) (ails, = h/2)(sy = h/2|b,)
(azls; = h/2)Xsxy = h/2|b1) (azls; = h/2)(sx = h/2|b;)

Now we need to choose a basis to expand this matrix in. Let’s choose the usual |szi) basis, in which we
write the various spin component kets as:

Is5) = 14)
1s7) = =)
I55) = = |4+ —= |-
NN
157) = = |4 — —= |-
N=FM 7
[5§) = = 1) + =)
1= MR
[57) = =)~ —=1-)
1=z

Our matrix then becomes:

k= [l = W26 = 1200) Gt = /22 = /2
(s, = h/2)0 = 1/21) (s, = 1/2)(sx = 1/21)
(10 (G0 +5-1) 0 (510 + 1))

[ e gn) el |
() (0 + = 10) (1) (o) + )|
(1 1

x-[7 7
L0 0

Change of basis
To convert a given state |a) from being represented in the basis {|a)} to the basis {|b)}, we use the
operator:

@) = Ula)g
@)y = D 1HNa¥ Ja)q
k

For example, let’s consider two sets of states: {|si)} and {|s)} = {|+), |—)}. The operator to convert
from the z-basis (a) to the x-basis (b) will therefore be:

U= Z|bk)(ak

= (IS KD + (sx X=D

(I+)(+| +[=0+D + %(H)(—I —[=X=D

(|+)(+|+| WA+ XK= = 1=0=D

[i 4

U=

S



Time Evolution

Time evolution of the Schrodinger Equation
The state of a system evolves over time according to:

|(Z, t) = U(t) tO)la) tO)
Where the evolution operator is given by:

i

U(ty + dt, ty) = f—ﬁﬁdt

To get an expression for U(t, t,), we need to have an equation to solve for it. We can find one by
considering:

U(t+dt, ty) = Ut +dt, t)U(t, ty)
S A
UGt + dt, t,) = (1 - EHdt) UGt ty)

i
U(t+dt, ty) —U(t ty) = EHdtU(t, to)
0
ihEU(t' to) = HU(t, ty)

So now we can solve for U by substituting our expression into the Schrodinger equation and solving. This
yields an integral equation:

P t
~ l
Ut ty) =1— Ef H(t) U(ty, to)dt,

to

Iterating this results in the Dyson series solution:

L i\t ot ptae
Ut ty) =1+ Z (— E) f f f H(t;)H(ty) ... H(t,) dt dt, ...dt,
n=1 to to to

If we introduce a time-ordering all the upper integrands become the same:

L i\t ot t
Ut ty) =1+ Z (— E) f f f T[H(t,)H(t,) ... H(t,)] dt,dt, ...dt,
n=1 to “to to
If all the different H(t;) commute with each other, then this greatly simplifies to:
i t
U(t, ty) = exp [— E_[ H(t") dt’]
to
And most straight-forward of all if H is independent of time we get:

i
U(t, ty) = exp [— EHt]
Energy eigenkets
Energy eigenstates are those states that do not change over time under operation of the Schrodinger
equation. To see this, we start with the definition of energy eigenkets of A:



Hla') = E la")

Now expand the time-evolution operator (with time-constant Hamiltonian) to get:

U(t, ty) = exp [— %Ht]

= zzm”)(a”l exp :—%Ht] la"Wa'|

! [

a a

i

=D D la"Na"lexp |-~

Fat] la')@’

! [

a a

o
Ut t) = ) la')exp [—EEat (@]
a’ .

Thus we can time-evolve any arbitrary ket |a) by expanding in energy eigenkets:
@) = Y la'Xa'la,to) = ) crla’)
a’ a’
Hence we have:

i
|a, t) = exp [_EHt] |a, to)

i
Zla’) exp [_ﬁEa’t] (a'l|a, ty)
a’

i
exp [—EEa’t] la, ty)

LEgity
@,6) = ) cqrexp (——2=) la')

al

In the special case where the system begins in an energy eigenstate we have:

E it

@) = exp (——=) |a')

The only thing changing is the phase, hence why we say that energy eigenkets are constant with time.

Time dependence of expectation values
If B is an observable that does not commute with H or operator 4, then the expectation of state |a, t)
with respect to B is given by:

, IE it LEgity
(B = (@ exp (=) Blexp (- —~) @)

(d,t|Bla’, t) = (a'|Bla)

Thus the expectation values of energy eigenstates |a’) are independent of time — they are called
stationary states.

To see what happens when the system is in a superposition of states, consider the example of a spin %
system in a uniform magnetic field along the z-axis. In this situation we have:

H = (eB)s
— \me/ 7%



Thus H eigenstates will also be S, eigenstates, and we have:

ehB
E, = +( )

2mc

Now consider the superposition state:
ler, 0) = cy|+) + c_|-)

Time evolving this system we have:

i t
U(t, ty) = exp [_Ef H(t") dt']

U(t, ty) = exp [— % (;—i) Szt]

la, t) = c, U(t, O)I{r) +c_U(t,0)|-) .
la, t) = c,exp [—%(;—i) Szt] [+) + c_exp [—%(;—i) Szt] |—)

Using S,|t) = i% [+) we get:

|a, t)—C+EXp[——(m—LZ)( Z) ]|+)+c exp[——(—)(——) ]|_
la,t) = c, exp [—i (Z—Wi) t] l4) + c_ exp [i (ﬁ) t] I-)

What is the probability that it will be found in the state |8) = ) at time t?

1 1
NALLARAN

(Bla, OF = [T+ (=1 e exp =i () ]|+>+c exp i (5) ] 19|

2

=3levew [ ()] +e- exp[(ch)]
= slevem -1 () o] + w1 () e e e[ () ]+ e-eve [ () o)
= ple-cvem [ (7)o + e e [1(75) ] +2)
= gecer{(eos () e isin () ) + (cos () e+ isin (7)) +2)
= ge-ef2(eos (7)) +2}
(Bla, 01 = 2_c, [cos? (5o-t)|

Heisenberg and Interaction pictures
In the Schrodinger picture, state vectors evolve in time while operators remain fixed. Let’s consider now
the Heisenberg picture, related to the Schrodinger picture by:

Ay () = UT(t, to)AsU(t, to)
Expected values are related by:

(@,0l4x(D)]a, 0) = (a, 0|UT (¢, t)AsU (¢, to)|a, 0)



(@, 0]y (t)]a, 0) = (a, t|As|a, t)
The Heisenberg equation of motion is given by (the latter when H is independent of time):

ddy 1 1
n T —
TR [Ay, UT (¢, t0)HU(t, to)] — LAy, H]

We have the following summary comparison of the three pictures:

Evelution Picture
of: Heisenberg Interaction Schrodinger
Ketstate | constant [hi(8)) = oS P hs (1)) [¥s(2)) = e~/ |5 (0))

Obsarvable AH {t} — Et‘ffﬁt_."ﬁAse—iffsﬂfﬁ AI (t} — E'\’:Ifu‘gt.."ﬁﬂse—:'H'D:_gi;"ﬁ constant
Density matrix | constant Pl(t:} _ f,aH“.St-":ﬁPS (t}e—a'ﬂ'nlst,flﬁ Pﬁ(t} _ E—E'HSEJ-"EPS {D} E"HSt;"lh
Note that the Schrodinger equation also takes a somewhat different form in each picture.

Propagators
Time evolution for a constant H is given by:

la, ty = U(t, to)la, to)

i —~
la, t) = e R g, 1)

i —~
(r'"a,t) = (r"|e RO g 1)

Inserting two complete sets of states:
i -
(r"la6) = ('l FEO N ENE] [ 1) (10 a, )
E
i -
(lat) = [ DI ) e R o, o)
E
i -
ll)a (7"”, t) — f Z(ru |E> (El?",> e—ﬁ(t—to)Hlpa (rl’ t) d37"’
E
The wave-mechanical propagator for time-independent H is then defined to be:
i
K@, t;r',tg) = Z(T"lE)(EIr’)e_ﬁ(t_t‘))E
E
i
KO, 657, t0) = ) @p(r g (e K"
E

It is the wave function of a particle that was localised precisely at r"’ = r" at t = t,, as we see in:

tlirgl K@, t;r',ty) = E (r"|EXE|r")
—lo
E

= (r"|r')
— 6(rll _ ,rl)

We define the retarded Green’s function to ensure propagation is only in the forward direction of time:



~Le-to)E
Kot (", 6577, 0) = (¢ = tg) ) Bp(r) @y (r)e 70
E

We can see that this is a Green’s function by using the result:

th”2+V i D kG 6ty = 0
% (T) la (T',,T',O)—

And thus we can show that:

0 d
Kot (', 657", t0) = 5% (0(t —t))K(", 57", t0) + %K(r”' t;1',to)
=68(t—ty)o(r" —1")

d

at

So K is the space propagator, representing a Green’s function for the equation:
Ya ") = f Kret ", tr', to) Ya (', t) d3r’

It is the transition amplitude for a particle localised at r'at t,, to be found at "’ at time t.

Path integral methods
tn—t1

Consider a time ty — t; and divide it up into N — 1 equal intervals, such that t,, — t,,_; = At = N1

Now we consider the transition amplitude:

(xN, tlel, tl) = ff ...f(xN,tleN_l,tN_1>(xN_1, tN_1|xN_2,tN_2) ...(XZ,tzlxl,tl)de_lde_z ...de

Here we have inserted N — 2 full sets of complete states so as to represent a single transition as the sum
of many smaller transitions over all possible paths. If we now consider:

AtH

Alir_?o(xntn—l + At|xn 1, tho1) = (Xptpo1le T [xp_q, troq)

..~
- f Gontnr |PYDle TP 1, t ) dp

If At is small we can expand the exponential as a series and neglect O(At)? terms:
i
= [ tatualodpl[1 = 5 86 |l r, )

. A2
Consider the special case when H = 5—m + V (%), then we have:

. /\2 .
l p l ~
= J(xntn—1|P>(P|[1 - _Atz— - %AtV(x) |xp—1,tn—1) dp

2
J(xn n-— 1|p>[ At__ﬁAtV(xn 1) (plxn 1: n— 1>dp

2

i p
= f(xntn—1|p> €xp |— EAt <% + V(xn—1)>] (plxn—lr tn—l) dp

i
Using the fact that (x,t,_;|p) = ﬁehpx" and similarly (p|x,_1, th—1) = \/%e_ﬁpx”‘i we get:



eh” " exp|—— — Xn— e n-
V2mh P h 2m n-1 \27h p
1 i [ p?
= fﬁexp % %At + V(xp_1)At + px,, — pxp_1 || dp
_ 1 L Xn — Xn-1 pz
'—fz;ﬁ“m[£<PC—7§“9“za‘b“%bﬂ o
Completing the square in the exponent we have:
m 1 xp—Xp—1)\2
— —|=m () — _1) | At
2rih AP |h <2 ( At )~V

m [

S L ——

dp

2mih At
m
2mih At

[ 1
Algmo<x”t”_1 + At|xp_1,thq) = exp EL(xn—lfxn—l)At]

Now if we substitute this expression into the transition amplitude we had before we get:

(xN, tlel, tl) = ff ...f(xN,tleN_l,tN_1>(xN_1, tN_1|xN_2,tN_2) ...(XZ,tzlxl,tl)de_lde_z ...de

. m NE - i . i .
= 1\1]1_)OO (th At f f f exp [ﬁ L(xn_l,xn_l)At] .. €Xp [EL(xl,xl)At] dxy_1dxy_5 ...dx,

:1\111_)00 ZT[lhAt ff fl_[exp L(xn l,xn 1)At] de 1de 2 - de

W )Tff f iz S( tn—1) | dxy_1dx dx
2mih At - | €XP A . Xn—1X¥n-1 N-1AXN—_3 ... QX3
n=

Which is often written in the shorthand as the Feynman path integral:

(le tlell tl) = lim (
N—-oo

XN i rtn
(xn, tylxg, ty) = f D[x(t)] exp [gf L(xp_1,%n—1) dt]
X1 t1

Density Matrices

Density matrix operator
This is defined as:

p= wilai)(al
i
Matrix elements of the density matrix are:
pyie = (p1k) = ) wilk|a)(a])
i

It evolves over time as:



ap
— =—{p,H
Iy {p,H}

The ensemble average is given by [A] = Tr(pA).

Density matrix examples
1. A completely polarized beam with all spins in the state | T.) has density matrix

. (1 {10\ _ [y TRl
;J—IT:HT_-I—(D)U u)_(ﬂ m)—(mmn {ilﬁli})'

3

A completely polarized beam with all spins in the state | T,) has
|
110 =211 +112)

and therefore the density matrix

; 1/2 1/2 )

(112 + 1)1 1) +142) = ( 12 172
noting that p* = g, Tr(S,) = /2 and ((4S.) = 0.

3. An unpolarized beam consisting of a 50-50 mixture has density matrix

ﬁ:;—(|T><T|+|1>u|)=(1gz 1?2)=%(é ‘f)

noting that Tr(pSs,) = Tr(pS,) = Tr(pS.) = 0, so there is no preferred spin direction,
and that this system cannot be represented by a state vector.

4. A partially polarized beam —say, 75% | 1.) and 25% | T,} — has density matrix
_ 3 1 0 41 /2 12\ _(7/8 1/8
“4lo0o0 il 1/2 1217\ 1/8 1/8 |

To find the density matrix of a state of 75% |s,+) and 25% |s,. +) in the usual basis we have:

T

3 1
p= Z|5z+)(5z+| +1|5;)(5;|

=20+ 3 (510 + 1) (5 + = (1)
1 1\ NG R
3 1

= 210+ g G+ I+ ] + 1)
3 1

= 210+ g (G + I+ R+ 1))
7 1 1 1

p = LINGH 5 4 5 0+ 51— |

Bloch sphere
The Bloch sphere is the most general density matrix for representing a two-state system. Written in terms
of Pauli matrices it takes the form:

A 1(1+PZ PZ—iPy>
p:

I 1.,
(1+P'U)=§(1+anx+PyGy+PZGZ)=§ h+ib 1-F

N|

10



Where P is the polarisation vector and points in the direction of the particle’s spin. There is a one-to-one
correspondence between possible density matrices of a two-state system and points on the unit 3-ball.
Points on the boundary of the ball have P? = 1 and are pure states.

The polarisation vector evolves as evolves as:

ap 1 . 5
- = = X
dt hQ
Where the Hamiltonian is paramaterised as:
-~ h. _ h
H=-0-6= E(Qxax +Qy0, + Q,0,)

Therefore under time evolution, the polarization vector P maintains a constant length. P precesses about
Q with a constant angular velocity w = Q/h.

Angular Momentum

Generator of rotation
By the necessary properties of Unitarity, combination of rotations, etc, we know that the infinitesimal
rotation operator D.(r) must take the form:

U.=1-iGe
We identify the angular momentum J /A as the generator of rotation:

iJ-a)
R

D@, dp) =1 —

A finite rotation is obtained by performing successive infinitesimal rotations about the same axis. If we
take the z-axis for example we have:

0, = jim [1- 22T
D,(#) = exp (- 22)

Operators and commutators
Some of the most important results for angular momentum are summarised below:

[ Jy] = i,

[]xr]z] = ih]y
[]y:]z] = ihJ,
[]zﬂlk] =0

[Sx, Sy] = iRS,
Note that the | operator is total angular momentum, S is spin angular momentum:

J2lj,m) = j( + DA?|j,m)
]zlj: m) = mhl]: m)

11



Jelim) =y (G —m)(G +m+ Dalj,m+ 1)
J_li,m) =G +m)(G —m+ Dhlj,m - 1)
52|s,m) = s(s + 1)h?

SZ|S,m>:

m=—j,—j+1,..,j—1,j =2j + 1 states

Note that J|j) = j(j + 1)|j) is the eigenvalue equation for j only, so |1,0) + |1,1) would be an eigenstate
of J2.

Euler angles
An arbitrary euler rotation can be represented as:

D(a,B,y) = D,(a)Dy,(B)D,(¥)

')

D@D, (B)D.) = exp(~i%2a) exp (-2 ) exp (%2 )

With the rotation operator defined as:

>
|3>

D(R) = Da(¢) = eXp(

The arbitrary euler rotation then becomes:

If we have j = %this becomes:

D@Dy (BID,(r) = exp (i) exp (—i 228 ) exp (=i =2y)

sin

e o o) O\
( 0 la/z) () () ( 0 eW/Z)

Using the relation:

exp (— i02i¢> = [ cos (%) — i, sin (g)

Matrix elements of angular momentum
For a given rotation operator d(R), the matrix elements are called Wigner functions are written as:

D) .i(R) = (j,m'ID(R)|j, m)
Rotations change m but do not change total angular momentum j.

Wigner rotation matrices form a group, and so are related as:

D;n[,,m[ (RI)D‘,Jn"m(RZ) = D:nll,m(Rle)

ml

Wigner matrices are an irreducible representation of the rotational group, and take block-diagonal form.
g',m' |J? lj,m)=jG + 1)hzé‘j’jSm’m

12



(j,'mlljzlj»m> = mhzdj'jSm’m
(', m|J]j,m) = VGFM(G+tm+ DA j6miman

Upon rotation by angles R = (a, 8, 7) the new matrix elements are given by:

o8 = G lexp (<t )

) = Gl a2 ) e (o
= il atm) e (12 ) my

e—i(m’a+my)<l-’ m'lexp< (]+2h] )ﬁ>|], m)

j (@By) = e—i(m’a+my)d{n,,m(ﬁ)

We thus need to compute the matrix of dimensionality determined by j:

](,1)_.m(/ -J2)

ey = U TR

We then take the Taylor expansion to find the matrix exponential:

i 1
(=1 U=1 U=1 (=1
eXp(_]m’,m:yﬁ) T myﬁ+ (m myﬁ) (m myﬁ)
So to first order we have:

S (@, By) = —em{mamy) (j 1% ] Ye I myp

The internal matrix elements can be calculated by using the known ], matrix elements.

In terms of d functions a rotation then takes the form:

D@ B l,m) = Y 1w}, m’ DR, m)

ml

D(a, ,8, ]/) |], m) — Zl]: m/>e—i(m'a+m]/)d;in,'m(‘8)

ml

Matrix elements with spherical harmonics
An easier way to calculate the same thing is to use spherical harmonics. The general formula here is:

DT]n,O(R) = (f:0|D(05.ﬁ.V = 0)|j,m) = ( _ﬁ ¢ — a)

2L+ 1)

For example, consider rotating the state |l = 2, m = 0) = |2,0) by an angle 8. We can compute this as:

D(0, B,0)[2,0) = ZlZ,m’)(Z, m’| D(0, B, 0)[2,0)

m/
= > 12,mD30(R)

mr

13



41 .
= lzm) /?YZ’“ 6.0
4 *
D(0,,0)[2,0) = f;”le,m’Wzm (8,0)

So for a given final state |2, m') the probability of finding the system in the new state after rotation is:

2

4
20D I2,m')? = =

> (2 002,m)¥g (8,0)

4 . 2

Matrix elements of linear momentum
These can be found using the commutator relation for dx/dt:
dx
(n'l'm'|p,Inlm) = (n'l'm'|m, Elnlm)
my
= n'U'm'|—|[x, H]|nlm)
ih
my
= E(n’l’m’l(xH — Hx)|nlm)
m
= i—;((n’l’m’lelnlm) — (n'l'm'|Hx|nlm))
m
= i_F? (Ep(n'U'm/|x|nlm) — E,,/(n'U'm’|x|nlm))
(2159 my
(n'I'm/|py|nlm) = E(En —Ep)
Intrinsic Spin

Considering intrinsic spin, we have | — S, with S obeying the same commutation relations as J. In the
case of spin % particles, we have the specific form:

S=n

N

Where the Pauli matrices are:
n=(1 o= 9)ea=( 2)
Giving the components of angular momentum:
h h —i h
=300 o) =30 9)s=3( 2)

This can also be written in terms of outer products. When acting on arbitrary kets written in the usual
{|4+), |—)} basis, they deliver the x,y, or z components of spin angular momentum in the {|+), |—)} basis:

h
Sx =5 (IHX=1+1=X+D

h
Sy =5 (=)= +1=0+D

14



h
S; = 5 (10 = 1=)(=D
With basis vectors typically written as:

I+ =11/2,1/2) = (})
(+1=(1/2,1/21= 1 0)
=) =11/2-1/2)=(})
(~1=(1/2,-1/21=(0 1

An arbitrary spin % state can be written as:
la) = al+) + b|-)

This rotates by angle ¢ about the z axis as:

D(#)la) = exp (-1 5.0)

Addition of angular momenta
When considering both orbital and spin angular momentum, the total angular momentum becomes:

J=L+S

A combined rotation on two angular momentum is written as:

D, (R)®D,(R) = exp (—ihf;ﬁqb) exp <—i]2f;ﬁ¢>

We have two possible choices for base kets of the total angular momentum system:

[j1j2s mamy)
|jij2; Jm)

The relevant eigenvalue relations are:

JE iz mimg) = j1 (g + DA?|jyjz; mymy)
Jizljvj2; mima) = myhljij; mymy)
J3ljjzs mimz) = j2 (jp + D2 |jyjz; mymy)
J2zlj1J2s mimy) = myhljyja; myms;)

JEljvjzs jm) = ji (g + DA% |jyjz; jm)
J3ljjzs jm) = jo Gz + DA2|j1jiz; jm)
JPlivjzs jm) = j( + DR?|jyja; jm)
Jzlj1j2; jm) = mh|jyj,; jm)

These are connected by the relation:

ljij2s jm) = Z Z |j1J2s mama ) jijz; mamg|jijz; jm)

my mp

Where the matrix elements to the right are called the Clebsch-Gordan coefficients. They are always zero
unless both of the following conditions are satisfied:
15



e m=mq+m,
e li—j2<j<jit)

These two rules allow us to determine the only allowed value of m, and all possible allowed values of j,
given an initial j; and j,.

Useful formula for intrinsic spin:
§2=S2+852+4+S52= (E)hzl
x y z 4
Tensor operators

In quantum mechanics a vector operator is defined to be one with the following commutation relation
relative to total angular momentum:

[VU]]] = ieijthk

Tensor operators are generalisations of vector operators. One problem with working with tensor
operators is that Cartesian coordinate matrix representations of them are reducible, but we want an
irreducible representation. That is why we often use spherical tensors instead.

It is often useful to express angular momentum eigenstates in a spherical harmonic basis:
(fll, m) = Y"(6,9) = /" (R)

A spherical tensor is computed similarly, by taking a tensor of rank k and magnetic quantum number g,
written qu, and writing this as a spherical harmonic function with V replacing 7i:

T = ()

The basic idea is simply to take a Cartesian tensor of rank k and write it as a spherical harmonic function
with [ = k. This is easiest to do by consulting a table of spherical harmonics, and the transformation laws:

x =rsinf cos ¢
y =rsinfsin¢
z=rcosf

For example, if we wanted to write V = (V;, 1V}, ;) with k = 1 as a spherical tensor, we would have:

- 3 (V. —il] V., + iV,
0= [l e
4 2 \2
IfV, = x, V;, = y,V, = z then we can write this as a sum of spherical harmonics directly

16



3 rsinBcosqb—irsinBsin(,b rsinf cos¢ + ir sin0 sin ¢
{x,y,2} = { ,rcosf,— }

V2
3
—e ~Psing,r —cos@ -— —e‘¢sm9
1E i

s ={ HH6.0),r50.6), \FYl ®, ¢)}

One can also work backwards, beginning with the xy term (for example), and finding how to represent this
in terms of spherical harmonics.

1=001 [edit]
1‘5”(9,@}:% %
=10 [edit]
“1(6,9) = %E e .5inf = %E (I;iy)
YP(0,¢) = % %-cosﬂ - %ﬁ%
Y11[3:‘P) = —% % e'¥ . sinf = _% 2_‘1 (m—i—rz'y]
=211 [edit]
Y20, ¢) = % % o2 . sin? 6 _ % g (z :y)
Y0, 9) = %E e ¥ .sinf - cos = % % ( ;:y]
Yy (0, ¢) = iﬁ (3cos® 8 —1) - % % (22* _:;2_3‘2)
Y, (8, ) = —% % e'? . sinf - cosf = % ;i (mtjy)
Y2(0, ) = %\/’g 2% . gin? @ _ % ;i (x —::y)

Wigner-Eckart theorem

This theorem states that matrix elements of spherical tensor operators on the basis of angular
momentum eigenstates can be expressed as the product of two factors, one of which is independent of
angular momentum orientation, and the other a Clebsch—Gordan coefficient which depends purely on
geometric factors and is independent of the particular tensor in question.

(a'j'IT*|aj)

J2Zi+1

Where a is some (optional) additional guantum number, and once again:

(a',j',m'|Tfa, j,m) = (jk; mqljk; j'm’)

e m=m+gq
o« i—kl<j'<j+k

17



Many-body Quantum Physics

The spin-statistics theorem
Half integer spin particles are fermions. When two identical particles are interchanged in a fermion
wavefunction, the result is anti-symmetric.

P;;|N identical bosons) = +|N identical bosons)
P;;|N identical fermions) = —|N identical fermions)

The Pauli exclusion principle is an immediate corollary. Consider all possible linear combinations of a two-
state system. Note that there are three possibilities for a boson:

1 ’ " " 1
ﬁ(lk NE"Y +1k"M)E'))

YK, TR,
But for a fermion there is only one possibility:
1
V2

The only fermion possibility involves each individual fermion in a different state — both states involving

(I NE") = 1)K

two fermions in the same state are bosons. Thus it follows that no two fermions can occupy the same
state. This special state is called the singlet state (since it is by itself), and is anti-symmetrical.

Slater determinants
A fermionic wavefunction can be written as:

1
W(xg,xp) = ﬁ (¢1(x1)¢)2(x2) - ¢1(x2)¢2(x1))

This can be written as a determinant:
1
V2

This can be generalised to an arbitrary number of fermions, resulting in what is called a slater

h1(x1)  Po(x1)

W(xy, %) = P1(x2)  ¢2(x2)

determinant:

d1(x1)  P2(x1) .. Pn(x1)
¢1(.x2) ¢2<x2) - ¢N§x2)

¢1(.xN) ¢2(.xN) ¢N(.xN)

1
lp(le x2) = ﬁ

Fock space
Since quantum particles are identical, it is often useful to simply specify the total number in each state:

|(X> = |Tl1,7’l2, ""nN)

N:an
A

This is called the occupation-number representation. We can also construct this formalism to work using
creation and annihilation operators.

For bosons:
18



a}tlnl,nz, vy, ) =y + 1ng,ny, o ony + 1, .00)
aﬂ.lnlan' Y, ) = nﬂlnlan! Ny — 1! )

Tl/'l = a:{a,l
For fermions:

aIlnl,nz, vy, ) = 64y — 1ng,ny, .o,my + 1, .00)

allnlth; e M ) = €1 nllnlan’ oMy =1, )

n, = aj{al
(—1, if Z ng is even
€, = B<A
L+1, if Z ng is odd
B<A

An arbitrary state in fock space can be generated by applying creation operators to the vacuum state:

o™
|nq,ny, ... )B—l_[( )

N, Ny, .. )p = H(a})
A

The field operator 117*(7”) creates a particle at r, and is written in terms of its corresponding ket |a) as:

P = Z(a’”r)aj{

A

Single particle operators (such as position and momentum) in Fock space operate on only one energy
state at a time:

F(ry,ry, ., y) = Z f(re)

f GHOF P dr
= Z(allfla“)aj{a,l

Au

Hartree-Fock approximation
The Hartree-Fock Hamiltonian is given by:

qH= Z Alhla“ alau+ ZZ rak|glat a“)a}la a, ay
Ap Au

Where h is the single-particle interaction and g the two-particle interaction. The ground state of this
system is given by:

|CD0> = |7’l1,7’l2, ...,TlN, 0,0, ) = aIa; a;lo)

A more general state can be written as a particle-hole expansion, with particles places in states r, s, u ...

and eliminated from states a, b, c ...

19



W) = |73 ) = afala] ..azapac ... | Do)

We can expand this arbitrary state as a series in terms of the number of excitations by which it differs
from the ground state:

= clon)+ (1) 3 Y erton+(2) S cpiem + (5) 3 etlor) + -

ab rs abc rst

The Hartree-Fock approximation truncates this series to a single particle-hole excitation, so that we get:

¥) = colPg) + ) > el %)

If a state is to be the ground state, it must be orthogonal to all the excited states (otherwise it would be
an excited state and not the ground state). Thus we must have what is called the Brillouin condition:

Ep(®g|Po) = 0
(@|H| o) = 0
(@ |ata, A|®,) =0

(rlkla) + ) [(rblglab) - (rblglba)] = 0
b

Energy levels are then given by:

(W|H|Y) = (¢o|H| o) + 2c5(@f|H| Do) + 0((cD)?)
(P|A|Y) = Eo + 0(ED)

Single Hartree-Fock energies are given by:
éq = (alhla) + ) [{ablglab) - (ablglba)]
b

Excited state energies are likewise given by:

E§ = By —(alhla) - ) [(ablglab) - (ablglba)]
b

We thus have Koopman’s Theorem, which is useful for estimating ionisation energies:

a
EO_EO ~6a

Approximation Methods

Perturbation theory
We consider a time-dependent Hamiltonian decomposed into a part with known solutions Hy and a small
perturbation V.

H=H0+V

We can consider a series of energy corrections of the form:

20



E=E0+E1+E2+"'

Where:

Ey = (¢0|Ho|¢o)

Ey = (YolVIo)
~ N Wol VI XV o)
EZ - kzio € — €k

Note that all energy corrections above E, are negative, since more accurate approximations will always
deliver a lower minimum energy than poorer ones.

Variational principle
The variational principle begins by specifying a trial wavefunction y; (a;) which is a function of some
parameters a;. The parameters are then incrementally adjusted so that they yield the minimum energy:

d
a(lk

(Y(ap)|HlY(ag))
Y@ (ar))

The linear variational method makes use of the expansion:

TICHIEDWAN

k

Numerically solving this equation is facilitated by calculation of the secular determinant:

det[(pj1HIp:) — E{¢i|¢;)] = 0

Once we have solved this for the eigenvalues E, we substitute these into the following equation to solve
for the expansion coefficients:

Z(<¢j|H|¢i) — E{¢i]¢p;))ci = 0

4

Dirac’s interaction picture
Consider a time-dependent Hamiltonian:

H=Hy,+V(®

In the Schrodinger picture, we determine the time-dependent coefficients such that:

@, t)s = ) () expl— iBnt /] In)

n

The time-dependent coefficients accommodate the time-dependent potential V (t), while the time-
variation of the constant part Hy, is incorporated into the exponential term.

By contrast, in the Interaction picture we define:
|a, t)l = exp[_ lHOt/h] |ar t)S

Interaction picture operators are defined as:

21



A; = expliHyt/h]Ag exp[— iHyt/h]
Or in the case of the time-dependent potential:
V; = expliHyt/h]V exp[— iHyt/h]

If we differentiate the equation for |a, t)¢ we find that for state kets:
. a
lha |a, t)[ = V1|a, t)l

The time evolution of operators is given by:

04, i
? - _E[AIIHO]

Thus in the interaction picture both kets and operators evolve with time, but operators only evolve with
the time-independent part of the Hamiltonian, with kets evolve with the interaction representation of the
time-dependent part of the Hamiltonian only.

We can solve for the interaction picture ket by finding the time-dependent expansion coefficients:
@t = ) en(®)ln)
n

These coefficients solve the set of coupled differential equations:

dcy (t)

ih
PR

. En - Em
— (n|V(£)|m) exp [l (T) t] e (0)
This is called Dirac’s variation of constants.

Time-dependent perturbation theory

We want to find an approximation for a series expansion of the constants that appear in Dirac’s variation
of constants method. If we assume that the state |a, t); begins at t = 0 in state |i), then at any future
time it will be given by:

la, ) = Uy (¢, to)10)
Expanding in terms of eigenkets {|m)} we have:

@t = ) [m)m] Uy &, 0)10)

@6 = ) em(©lm)

m

Thus we want to solve for:
Cn(t) =cd +ck +c2 + -

With ¢, (t) = (m|U, (¢, 0)]i). In the most general case we have a Dyson series expansion for U;:

L i\ttt ptae
Ul(t, to) =] + Z (_ %) f f f Vl(tl)VI(tZ) Vl(tn) dtldtz dtn
n=1 to to to
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~ i t i 2 t tl
Uittt =T (1) f Vit dty + () f f VitV () dtydty + -
to to Jto

Pre and post multiplying by the appropriate kets we get:

h

en® =iy~ (1) [ onvieotae + (3) [ omeo Y imiaivicept aea, + -

en® =5~ (1) [[onreomaes +(3) Y [ [ ooyt s + -

This leads us to the coefficients for the series expansion:

0 _
Cm_dmi

¢l = (%) J;t(le(tl)li)exp (i (Em; E")t) dt,

= (3) X[ [ omveomen (i (F ) ) v e (1(255) ) ey

Matrix elements will usually be provided in the question, or may need to be computed using spherical

harmonics:
(nlm|x|nlm) = f(nlml;’c‘lx)(xlnlm) dx
= fx(nlmlx)(xlnlm) dx
= fx|Y,£l|2 dx
Scattering Theory

Scattering as a time-dependent perturbation
We model a scattering event as a time-dependent perturbation, in which the particle undergoing

scattering experiences a scattering potential V which is non-zero over most of space, and only operates

over a finite domain.

Let us here consider a system that evolves in the interaction picture according to:
la, t); = Uy (E, to) |, o)
With equation of motion:
d
ihala, t) = H|a,t)

Writing this in the interaction form this becomes:

d
ihEUl(t» to) = ViU, (¢, to)
V;(t) = exp(iHyth) V(t)

We solve for the time evolution operator using the initial condition U, (t,, ty) = I:
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. t
l
Uit to) =1~ j Vit (' t) dt!

to
We thus arrive at a formula for the transition amplitude from |i) to |a, t);
: t

. (n| exp(iHyth) V(t)U,(t', ty)]i) dt’
to

(n|U; (, to) i) = 6pi —

i t
IV )10 = 8 =3 > V) | expCiCEn = Epeh) iUy ¢ o)) e

Realising that the largest contribution to this integral will occur when (m|U,(t’, t,)|i) = &,,; we can make
approximation:

t

i
(n|U;(t, t)i) = 6n; — E(nIVli) exp(i(E, — Epth) dt’
to

Finally, we introduce a positive cut-off parameter € << 1/t which ensures that the potential does not act
in the limit t, = —oo. Hence we have:

P t
i
(10, E1) = byt = 5 Toi | xpGCE, — Eeh) exp(et’) de”
to
Transition rate - Fermi’s Golden Rule

The rate at which state |n) is populated from the initial state |i) is the time-derivative of the scattering
probability:

d
Win = a|(n|U1(t»—°°)|i>|2
1d ‘ . N
== Tm-f exp(i(E, — E;)th) exp(et") dt

1.d|  exp(i(E, — E)th) exp(et) |’

TRZdt|'™T (B, —E)/h+e
_1d h? exp(2€t)

T RZdt (E, — E))? + €2

2 exp(2€t)
—E))? + €2

|Tni|2

2 - €h
Win = ﬁlTnil Ll_r)l(l) (E,
This limit is equal to mhé (E,, — E;) so we get:
2 2
Win = ﬁ |Tyi|*ThS (Ey — E)
21 2
Wisn = ? |Tnil 6 (En, — E})
This is known as Fermi’s golden rule.

Scattering cross section
The scattering cross section is given by:

do mlL3 5
E = 27‘[h2 | Tni |
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Substituting in for the T-matrix which is derived in the next section, to second order this is:

da_ mlL
dQ ~ \2mh?
The T-matrix

To actually calculate anything we still need to determine what this T-matrix is. We can derive an
expression for this matrix by equating the two different representations derived before for
(n|U;(t, —0)|i). We thus have:

2

1
@IVl +Z<nlvlm>E—+ie<m|V|i>

i t
(It )11 = 8 = (ulVIm) [ exp(iCE, = E)em) mlUy ¢ o))

iTm- exp(i(E, — E;)th) exp(et)

n|U; (¢, to)) = 6pi — 5

Substituting the second into the first we get:

(n|U;(¢t, to) i) = Oy
; , .

_ %Z(anlm) f_ exp(i(E, — En)t'n) (6m- - %Tm- exp(i(E, — E))t'h) exp(et’)) dt’

(nIVI V4 Z ( n|V|m)Tp,;

t
Uy (6, t)1i) = S — f exp(i(Ey — En)t'R) dt’

E,—Ey)+i
, t
Tnhi exp(i(E, — E;)th) exp(et) = [(n|V]i) + Z% f exp(i(E, — Ep)t'h) dt’
VIim)Ty,;
Tni = (mIVID) + Z (E<'n| }|Em>) +ie

Now we define a new set of kets |/ *), which are related to the T matrix by:

Thi = (n|T[i)
= (n|V[™)

Tt = D (ulV L)1)
J

So now we can write:

|74 Vit
VP = (Vi >+Z<"I 'mlém)' )

V +
) =1 )+Z |E x";' l—ll-/)le

) 1
™) =li) + m[’wﬁ)

This is the Lippmann-Schwinger equation, which we will consider in more detail in the next section. Here
we continue solving for the T-matrix by multiplying this equation by V:

VIgp®) =VIi)+V Vi)

El'—Em+iE
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1
Tli) = V|i) + V————TIi)

E; —E, +ie
T=V+V———T
E; — E,, + i€
We have at last a recursive definition for T:
T=V+V ! V+V ! V ! V+
B E; — Ep, + i€ E;—En+ie E;—E,+ie

To second order, Fermi’s golden rule therefore becomes:

27 1 2
Wisp = — |V 4+V——-——V| 8§, —E)

h E;—E, +ie
Lippmann-Schwinger equation
This gives an expression for the scattered wave |y 1) in terms of the initial wave |i), the interaction
potential VV, and the green’s function:

™) =i = V™)

Ei _HO + ihe

This can also be written as an integral equation in position space:

(xhp"') = (x]i) + f(xlm|x’)(x'|[/|w+)d3xr

m eiik|x—x’|

(el = (xli) =

———— x|V |p*) d3x’
F | e V) s
For a local potential {(x'|V|x") = V(x")6(x’ — x'") this simplifies to:

om eiik|x—x’|

() = (el =

5 m‘/(x')(x'|l/)+) d3x'
Since the Green’s function:
6 , eiik|x—x’|
x—x')= m
Is the solution to the inhomogenous Helmholtz equation:

(V2+k®G(x—x") =63(x—x")

The optical theorem
The optical theorem states that the total cross-section is directly related to the imaginary part of the
scattering amplitude:

4
o= 71m[f(k’,k)]

Where the scattering amplitude is:

3

Fl ) = — =

5 (K[ T1Ie
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The Born approximation
As long as the perturbation is relatively weak, we have the approximation scheme:

1 1 1
T=V4V—o—V+V v V4
Ei—Em+iE El—Em+lE Ei—Em+i€

We are interested in solving for:

(K'VIp*) = (k'IT|k)

The first order Born approximation is thus to take:

T=V
[W*) = lk)
The first order Born approximation is similarly:
T=V+V———""T
E;—E, +ie

Additional Notes

To find the eigenvalues and eigenkets of an operator, write the operator in matrix form using the
given basis, then just find the eigenvalues using the usual algebraic method. Eigenkets will be
linear combinations of the basis you started with, so you just need to solve for the coefficients.

If all else fails, try inserting a complete set of states

Don't forget to normalise any eigenkets that you find

V(t) = —[ F(t)dx

Vix) =V (x)|x)

Energy levels for the Harmonic oscillator: E;,, = (n + %) hw

When we measure spin in the x direction we are working in the x-basis, so we don’t use the S,
operator in terms of Pauli matrices (that is expressed in the z-basis 4+, —). Instead we use the state
ket for x or y written in the z-basis, and take the projection (sfy|l/)).

Y"(0,¢) = (Allm)

L=xXp—Li=€;kXjpk

(Vi) = [(nlx)V(x|i} dx = [ $; )V (x)¢;(x)dx

2 T a0
ffff('i“;ﬂ,tp}rﬂsinﬂdrd&dcp

w=0 f=0 r=0
(x|k) = e™** and (k|x) = e ¥

p=—ih—

7= o)o=( $)o=(o )
S-fi=S,cosasinp + Sysinasinf + S, cos B
H = p2/2m for a free particle

exp (— %) = I cos (%) — 6, sin (%)

|a) = cos (g) |+) + @ sin (g) [—)

[A] = Tr(pA)
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Sakurai problems:
o Scattering-6.1,6.2,6.3,6.6,6.7,6.8,6.10, 6.12
o Approximation - 5.25, 5.26, 5.27, 5.28, 5.29, 5.30, 5.38
o Angular momentum - 3.2, 3.8, 3.9, 3.14, 3.15, 3.21, 3.29, 3.30, 3.31, 3.32
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