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Theory of Computation 

Regular Languages 

Deterministic Finite Automata 
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Non-Deterministic Finite Automata 
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Constructing DFAs from NFAs 

The class of languages recognised by NFAs is exactly the class of regular languages. Every NFA has an 

equivalent DFA. 

1. Create a new state for each possible combination of initial states, so    new states in total 

2. The new start state will be the state corresponding to the old start state, plus any states it 

could epsilon-transition to 

3. The new accept states will be any of the new states which include the original accept state 

4. The transition functions are obtained just by looking at what the original machine did at 

each state and for each possible symbol. In this example, state     goes to state       on 

input  , since it can also epsilon-transitions back to 3. 
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Note that epsilon transitions by themselves do not count for anything in the DFA. They only allow 

you to move extra after having made some initial transition. 

Closure Properties 

 



5 
 

 

 

Regular Expressions 

Regular expressions constitute a notation for languages. The semantics are fairly simple: 

 

Some examples of regular expressions: 
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Constructing Regex to NFA 

Theorem: L is regular iff L can be described by a regular expression. The construction algorithm is 

fairly simple. 
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Converting NFA to Regex 

An NFA can be turned into a regular expression in a systematic process of “state elimination”. 

 If there are several accept states, we can reduce that to just one, by introducing epsilon-

transitions from the “no-longer” accept states to one remaining accept state 

 Then proceed by eliminating states one by one, bypassing then with an appropriate regex 
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Pumping Lemma for Regular Languages 

This is our main tool for proving languages non-regular. Loosely, it says that if we have a regular 

language A and consider a sufficiently long string s, then a recogniser for A must traverse some loop 

to accept s. So A must contain infinitely many strings exhibiting repetition of some substring in s. 
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Minimizing DFAs 

It is always possible to find a minimal DFA (with the smallest number of states) for a given regular 

language. This also gives us a way of testing the equivalence of two DFAs: just test whether their 

minimal versions are identical (apart from the names chosen for states). This takes quadratic time. 
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Context Free Languages 

Context Free Grammars 
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Closure Properties 

 

Parse Trees and Ambiguity 
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Chomsky Normal Form 
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Pushdown Automata 

A pushdown automaton (PDA) is a finite-state automaton, equipped with a stack which allows it to 

store items in memory. We shall consider the non-deterministic version of a PDA. It may, in one step: 

read a symbol from input and the top stack symbol (which is popped); based on these, and the 

current state, it transitions to the next state, and pushes a symbol onto the stack. The PDA may 

choose to leave out the popping, or the pushing, or both. It may also ignore the input. 

 

 

 

Note that the accept state takes effect only upon reaching the end of the input. 
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Equivalence of CFGs and PDA 

 

 

Pumping Lemma for Chomsky Normal Form 
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The idea is that we pick a string long enough such that it is high enough so that it must repeat a 

variable by the pidgeonhole principle. Then we can always attain a new valid parse tree by replacing 

the subtree from under the first appearance of the repeated variable under the second instance of 

the repeated variable (as shown above). 

We need the longest path to have     variables to ensure the pidgeonhole principle applies. To 

get this size we need a height of    , since the last node is a terminal (not a variable). We set the 

pumping length to be       , since this is the maximum length of a string that can be generated 

by a tree of this height. 
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Turing-Recognisable Languages 

Turing Machines 
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Multi-Tape Turing Machines 
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Non-Deterministic Turing Machines 
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Enumerators 

For an enumerator to enumerate a language L, for each string in L, it must eventually print the string. 

It is allowed to print w as often as it wants, and it can print the strings in L in an arbitrary order. 

 

Closure Properties 

 

Church-Turing Thesis 
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Summary of Languages and Machines 

 

Computability Theory 

Decidable Problems 

 



28 
 

 

 

 



29 
 

 

 

 



30 
 

Unrecognisable Languages 

The set of all Turing machines is countable because each Turing machine M has an encoding into a 

string. If we simply omit those strings that are not legal encodings of Turing machines, we can obtain 

a list of all Turing machines. To show that the set of all languages is uncountable, we observe that 

the set of all infinite binary sequences is uncountable: 

 

Thus we have shown that the set of all languages cannot be put into a correspondence with the set 

of all Turing machines. We conclude that some languages are not recognized by any Turing machine. 

 

TM Acceptance is Undecidable 
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TM Halting is Undecidable 

 

 

TM Emptiness is Undecidable 
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TM Equality is Undecidable 

 

TM Regularity is Undecidable 
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LBA Emptiness is Undecidable 
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CFG ALL is Undecidable 

 

 

Rice's Theorem 

 

Mapping Reducibility 
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Complexity Theory 

Complexity Classes 

 

 

The Class P 
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The Class NP 
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NP-Completeness 
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NP-Complete Problems 

 SAT: Prove by Cook-Levin 

 
 

 3SAT: reduce SAT 

 

 Vertex Cover: reduce 3SAT 

 

 Hamiltonian Path: reduce SAT 

 

 INDSET: reduce 3SAT 
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 Subset-Sum: reduce 3SAT 

 

Closure Properties Summary 

Closure Property Regular Context-free Decidable Recognisable 

Union       Yes Yes Yes Yes 

Concatenation     Yes Yes Yes Yes 

Kleene star    Yes Yes Yes Yes 

Intersection       Yes No Yes Yes 

Set difference     Yes No Yes No 

Complement    Yes No Yes No 

 

Additional Exam Notes 
 The intersection of a context-free language and a Regular language is context-free 

 Any subset of a finite language is regular 

 (A \ B)   (A   B) = A 

 DNF is disjunction of conjunctions; CNF is conjunction of disjunctions 

 


