Differential Equations

Ordinary Differential Equations

First Order Homogenous Linear ODE
To solve equations of the form:

w'(t)—aw(t) =0

Simply re-arrange and solve by direct integration:
w'(t) = aw(t)

w(t) = afw(t) dt

First Order Inhomogenous Linear ODE
To solve equations of the form:

w'(t) + p(w(t) = r(t)

Use the method of reduction to quadratures. Consider the following example:
2
w'(t) —?w(t) =1
Define integrating factor
letI(t) = eJ Pt

I(t) = e_zf%dt
1(t) = e —2log(t)
1(t) = elos(t™)

1
I(t) = t_2
Hence
d(IOw(t))
—a O
d(tlzw(t)> )
T a2
1 1
fd(t—ZW(t)> = ft—zdt
1 1
t_ZW(t) = —? + c

w(t) = —t + Ct?

Second Order Homogenous Constant Coefficient ODE
To solve equations of the form:

au' (x) + bu'(x) + cu(x) =0

Simply use the trial substitution:

w(x) = et

And solve the resulting characteristic equation:



ar?e? 4+ pre®® + cet* =
al’> +bl+c=0

Second Order Inhomogenous Linear ODE
There is no simple way to solve an equation of the form:

w (@) +pOw' (1) + q(Ow(t) = r(t)

We know that the ODE will have solutions so long as p(t), g(T) and r(t) are continuous. If we can
find one solution to the homogenous version of the equation, we can use reduction of order to find
a full solution.

Consider Bessel's Equation of order %;
1 2
2w (t) + tw'(t) + <t2 - (E) >W(t) =0
1
Given wy(t) = t 2z sin(t) is a solution, find the general solution

Make the substitution:
w(t) = u(t)wy(t)
1
w(t) = u(t)t 2z sin(t)

w'(t) = — % t_% sin(t) u(t) + t_% cos(t) u(t) + t_% sin(t) u'(t)
3 3 1 3 1 .3 1 3
w''(t) = Zt 2sin(t) u(t) — Et 2cos(t) u(t) — Et 2sin(t) u'(t) — Et 2 cos(t) u(t)
— t_% sin(t) u(t) + t_% cos(t) u'(t) — %t_% sin(t) u'(¢t) + t_% cos(t) u'(t)

1
+ t zsin(t) u" (t)

w'(t) = %t_% sin(t) u(t) — t_% cos(t) u(t) — t_% sin(t) u(t) + 2t_% cos(t) u'(t)
— t_% sin(t) u'(t) + t_% sin(t) u''(t)
Hence we have:
3 3 3 1 1 3
t? [Z t 2sin(t) u(t) —t 2cos(t) u(t) —t 2sin(t) u(t) + 2t 2 cos(t) u'(t) — t 2 sin(t) u'(t)
+ t_% sin(t) u”(t)] +t [— % t_% sin(t) u(t) + t_% cos(t) u(t) + t_% sin(t) u'(¢)
2

+ <t2 - (%) ) [u(t)t_% sin(t)] =0

31 1 3 3 1

7 t2 sin(t) u(t) — t2 cos(t) u(t) — t2 sin(t) u(t) + 2t2 cos(t) u'(t) — tz sin(t) u'(t)

+ t% sin(t) u''(t) — %t_% sin(t) u(t) + t% cos(t) u(t) + t% sin(t) u'(t)

3 1 1
+ u(t)tz sin(t) — Zu(t)t_? sin(t) =0

Note that the terms with u(t) should cancel out:



31 1 1 1 1 1 1
( 1 tZsin(t) u(t) — 5 t 2sin(t) u(t) — 7 t 2sin(t) u(t)) + <—t§ cos(t) u(t) + t2 cos(t) u(t))
+ (—t% sin(0) u(t) + u(®)? sin(t)) 1267 cos(6) ' (6)
+ <—t% sin(t) u'(t) + t% sin(t) u’(t)) + t% sin(t)u”"(t) =0

Zt% cos(t) u'(t) + t% sin(t)u''(t) =0
2cos(t)u'(t) +sin(t)u''(t) =0
u’"(t) +2cot(®)u'(t) =0

Note that this is actually a first order ODE in disguise:
u’"(t) +2cot(®)u'(t) =0
m'(t) + 2cot(t) m(t) =0
I(t) = ef2cot(t)dt
I(t) — ezlog[sin(t)]
1(t) = sin%(t)
Hence:
d[sin?(t) m(t)]
dt
sin?(t) m(t) = C
sin?())u'(t) =C

vy C
RG]

ut)=C f cosec?(t) dt
u(t) = C[—cot(t) + D]
u(t) = C;y cot(t) + C,

We can know find the full solution of the original ODE:

w(t) = u(t)wy(t)
1
w(t) = (Cy cot(t) + Cy) (t‘fsin(t))

1 1
w(t) = Cit 2 cos(t) + Cot Zsin(t)

We now need to check whether our two solutions are linearly independent (if not we don't need
both of them). To do this we construct what is called the Wronskian, which is the determinant:

wi(t) wy(t)
wi(t)  wy(t)
W (&) = wy (Owz () — wa (D)wy(8)

w(t) =

In this particular case:

i1 _3 _1 A1 _3 _1
W(t) =sin(t)t 2 —Ecos(t)t 2 —sin(t) t 2]—cos(t)t 2[—§sin(t)t 2+ cos(t)t 2]

sin?(t) 1 cos?(t
(®) + Ecos(t) sin(t) t72 — #

W(t) = —%cos(t) sin(t) t2 —
sin?(t)  cos?(t)

W =-— t




W(t) = —%[sin2 (t) + cos?(t)]

1
W) = —?

This is always non-zero for all t, hence we know that the two solutions are linearly independent.

What if we do not have an initial solution available? Then obviously we cannot use reduction of
order - we'll have to try something else. Often the best one can do is check to see if the equation at
hand is one of a few that are encountered particularly often, and have known solutions. A number of
these are examined below.

Airy's Equation

Airy's equation has the form:
u' (x) = xu(x)
u’(x) —xu(x) =0

It is perhaps somewhat surprising that even this relatively simple equation has no simple solutions.
The known solutions are denoted Airy functions of the first kind Ai(x) and of the second kind Bi(x).

Cauchy-Euler Equation
The Cauchy-Euler equation has the form:

at?w" (t) + ftw'(t) + yw(t) = 0

Where a, B,y are constants. To solve this equation we make the trial solution w(t) = t*:
[au(u—1) + pu+yltt =0
ap? + (B —au+y =0

If this equation has two distinct roots y; and u, then:
w(t) = At"1 + Bt*2

Otherwise the solution is:
w(t) = Alog(t) t"1 + Bt

If the only solution is the trivial solution then we simply have:
w(t) = Alog(t) + B

Legendre's Equation
Legendre's equation has the form:
(1 —xz)dz—u— 2x@+v(v+ Du=0
dx? dx

1 . . . . .
Wherev = — > If v is restricted to be integers, then the only well-behaved solutions are multiples of

the Legendre polynomials B, (x). Legendre polynomials form a vector space.

Bessel's Equation
Bessel's equation of order v is:

2w’ +rw' () + 2 —v)Hw(r) =0



There are two classes of solutions to Bessel's equation: those that are finite at the origin (denoted
J, (1)), and those with a singularity at the origin (denoted Y,,(r)).

Linear Systems
Both differential equations with constant coefficients of order greater than two, and also linear

systems of first or second (or higher) order differential equations, can be solved using a technique
involving eigenvalues and fundamental matrices. The method is best illustrated with an example.

Consider the following system of differential equations:
x'(t) = 3x(t) + e3t
y' () = 2x(t) — y(t) — 2z(t)
z'(t) = 3x(t) + 6y(t) + 62(t)

The first step is to write the system in matrix form:
x'(t) = 3x(t) + 0y(t) + 0z(t) + e3¢
y'(8) = 2x(8) — 1y(6) — 2z(2)
z'(t) = 3x(t) + 6y(t) + 62(t)
¥)=Ax+f()

il 2kl

If we can solve the homogenous version of this equation, we could find the general solution by
reduction to quadratures. So for now consider the homogenous problem:

3 0 0
2 -1 =2
3 6 6

3t
0
0

#(t)—A)x =0

4 B0 0px
“lyl=l2 -1 —Z[y]
atl,l 13 ¢ 6llz

Try the solution (where ¥ is a vector of as-yet-unknown constants):
() = eMp
Hence we have:
ety = A()eM D
A)YD = AD

This last equation is of the form of a matrix times a vector, yielding the original vector multiplied by a
constant. This should sound familiar - this is an eigenvalue problem! Specifically, ¥ is an eigenvector
of A(t) with the eigenvalue A. Now that we know the solutions to the homogenous equation are
directly related to the eigenvalues and corresponding eigenvectors of A, we just need to find them:

AT = AP
(A(t) —ADT = 0
3-1 0 0
A -M=| 2 —-1-12 =2
3 6 6-21

det(A(t) —AD) =B -D[(-1-D6-1) —-(6)(—2)]-0+0



Since we want linearly independent solutions the determinant must be zero:
B-1DA?-51+6)=0
B-1VA-3)1—-2)=0
-(1-3)’1-2)=0
A=31=2

In this case we have found only two distinct eigenvalues. This is unfortunate, as it means we will

have some extra work to do. First, however, we need to find the eigenvectors corresponding to
these eigenvalues:

A)YT =2

A —ADT =0

3 3E 3
RN

3 6 4

AN

Writing this in augmented matrix form:
1 0 0 | O
[2 -3 =2 | 0]
3 6 4 | O

Solving using row reduction (steps omitted):

1 0 0 | O
[0 3 2 | 0‘
0 0 0 | O
Thus:
1 0 0™ 0
0 3 2([v2|=|0
0 0 0lLlvs 0
Hencev; =0, v; = t, and v,:
3172 + 2173 = O
3172 = —2t
v, = 3
0
HRE
vz =|——=|t
VU3 13
Since any linear multiple of an eigenvector is also an eigenvector, any t will do. Choosing t = —3:
0
171 = [ 2 ],A =2
-3

Using exactly the same methods, we can find the corresponding eigenvectors for A = 3 (this time
there will be two because of the degeneracy):



)
A —ADT =0

HEERAFI:
RS-

Write in augmented matrix form:
0 O 0 | O
[2 -4 -2 | 0]
3 6 3 | 0

Solving using row reduction (steps omitted):

0 0 0 | O
[1 0 0 | 0]
0 21 | 0
Thus:
1 0 0] 0
0 2 1(|v2|l=|0
0 0 0lLlvs 0
Hence v; = 0, v3 = t, and v,:
2172 + V3 = 0
Uy, = _E
0
HEE
172 =|——=]|t
V3 12
Since any linear multiple of an eigenvector is also an eigenvector, any t will do. Choosing t = —2:
0
172 = 1 ,A =3
-2

These are the only two eigenvectors of the matrix A4, but we still need a third solution. To get this
last solution, we use the degeneracy of order 2 of 1 = 3:

0 0 071 [0 0 OJ[0 0 O 0 0 0

2 =4 =21 =12 -4 -=-2||12 -4 -=-2|=|-14 4 2

3 6 3 3 6 3113 6 3 21 -6 -3
Now using row reduction:

0O 0 0 | 0] [0 0O 0 | O
[—144 2|0]~[00 0|o]

21 -6 -3 | O 7 =2

—1 |
0 O 07V 0
o o ollu]-|l
7 =2 —111V3 0

(@)



Hence v; = t,v, = 5, v3:
7U1_2U2_U3:0
7t — 25 = v3

[Z1 0 1
Vl=|1|s+]|0|t
U3 -2 7

Since any linear multiple of an eigenvector is also an eigenvector, any two combinations of s and t
will do. Choosing (s,t) = (1,0) and (3,1):

L

Note that the first solution here is just the same as 7,, which is as it should be, but obviously we
don't need this same solution twice. So just keep:

1
ﬁ3=[3],l=3
1

Note that ¥3is not actually an eigenvector, but it is what we call a generalised eigenvector. We need
it for constructing the final set of solutions.

Now that we have our three generalised eigenvectors and corresponding eigenvalues, we can go
way back to the beginning and remember that solutions to the homogenous equation will be of the

form:
() = e

Hence we have three linearly independent solutions to the homogenous equation:

0
% (t) = e, = er[ 2 ]
-3
0
%, (t) = e, = e3f[ 1 ]
-2

0 0 0
%3 (t) = eMi; + telt 2 —4 —2 s

1
=e3t3+te3t[ - —2”]
1 6
1 0
=e3t |3+ te3f[ 12]
1 24
%3(t) = e3t |3 — 12t
|1 + 24t

Note that the solution corresponding to the generalised eigenvector is more complicated than the
rest (which is why we don't like repeated eigenvalues). The general formula for this is:



-1
1
() = et Z il th(A — AD*v
k=0

Where A is the eigenvalue corresponding to the generalised eigenvector ¥, and [ is the degeneracy
of the repeated eigenvalue.

We now write each of the independent solutions as the column of a matrix called X (t):

0 0 edt
X(t) =| 2e% e3t  (3-—12t)e3
—3e%t —2e3t (1+24t)edt

Next, we define a very important matrix called the fundamental matrix M (t|t,):
M(tlto) = X)X (to)

Note that in order to avoid division by zero, it is generally best when finding M to evaluate X (t,) at
t = O first before finding its inverse. In this instance we have:

M(tltp) = X)X~ (to)

0 0
M(t|ty) = | 2e?t e3t 12t)e3t‘ [11 -3 —2]
| —3e%t  —2e3t (1 + 24t)e3t
[ e3t 0
M(t|ty) = |—14e?t + (14 — 12¢)e3"  4e? 3e3t 2e%t —2e3t
| 21e?t — (21 — 24t)e3* —6e2f + 6e3t  —3e2t + 4¢3t

Since it is comprised only of intependent solutions of the homogenous equation, the fundamental
matrix itself also satisfies the equations:
M'(¢t]to) = A()M(t]to)
M(tolte) =1

Now that we have M (t|t,), we can use a very similar trick to that employed in order to solve a
second-order inhomogenous linear ODE. Namely, write:
x(t) = M(tlto)3(t)
X'(t) = M'(tlto)S(t) + M(¢lte)S' ()

Substituting this into the original ODE:
(@) =A%+ f()
M'(t[t)3(t) + M(t|te)3'(6) = ADM(t[to)5(t) + f(B)
A(OM (tlt)3(E) + M(¢tlto)3'(6) = A(M(tltp)$(E) + f (D)
M(t|te)s'(®) = f(¢)
§'(t) = M(tlte) 1 f(®)

t
() =5(to) + | M(zlty) tf(r)dr

to

t
M(t|te) %) = 5(tp) + | M(tlto) *f(x) dr
to



t
x(t) = M(t]t)5(to) + M(tlty) | M(zlty) 1 f(v) dr

to
Note that:
X(to) = M(tolto)3(to) = 5(to)

Hence:
t

X(t) = M(t|tg)x(to) + M(tlty) | M(zlte) ™ f(2) dr
to
X(t) = M(tlto)%(to) + | M(tlte)M(zlte) ™ f(x) dr
to
t

x(t) = M(tlto)x(to) + | M(t —1|to)f(v) dr

to

For this particular example, we make the relevant substitutions, and using X(t,) = (1,0,0):
e3t 0 0 1
%(t) = |—14e?' + (14 — 12t)e3t  4e?t —3e3t 22t — 23t H
21e?t — (21 — 24t)e3t  —6e?t + 6e3t —3e?t + 43|10
¢ e3(t=D) 0 0 e37
+f —14e27D 4 (14 — 12(t — 1))e3("D 42070 —33("D)  22(-7) _ 23(-D) [ 0 ]dT
0] 21e2¢7D — (21 — 24(t — 1))e3ED -2 4 637D —302(t70) 4 43D |1 0
e3t 0 0
#(t) = [—14e?' + (14 — 12t)e3t  4e?t —3e3t 22t —2¢3t
21e?t — (21 — 24t)e3t  —6e?t + 6e3t —3e?t + 43t

e3t

+ ft 142" 4 (14 — 12(t — 1))e3E D | g4¢
0] 21e2¢D — (21 — 24(t — 1))e3t™
(1+t)e3t
x(t) =| (2t — 6t?)e3t
(3t + 12t%)e3t

Integral Transform Methods

Important Properties of Fourier Series
e The Fourier series of a function can always be defined, but it will not necessarily converge

e If a function satisfies Dirichlet's conditions (bounded, finitely many points of discontinuity,
finitely many local maxima and minima) on a finite interval, then at any interior point the
Fourier series converges to the value of the function at that point

e Fejer's Theorem: no two different continuous functions can have the same set of Fourier
coefficients

e If we are given a non-periodic function to represent as a Fourier series, we can take either
the odd or even extension of the function

e A uniformly convergent Fourier series can be integrated term-by-term. Term-by-term
differentiation is determined by the quality of convergence of the differentiated series, not

the original series



Important Properties of the Fourier Transform

Absolute convergence condition: If f(t) is Riemann integrable, with the integral

ffooolf(t)l dt < oo on all finite intervals, then f(q) exists forall g € R

Conditional convergence condition: If f(t) is Riemann integrable, f(t) - 0 ast — oo, and
for some L > 0 f(t) is monotonic, then f(q) exists for all nonzero q € R

Fourier transforms are defined from positive to negative infinity, so they are particularly
useful when the domain of our function is unbounded

When we solve an ODE by taking the Fourier transform of both sides, we are implicitly
assuming that the Fourier transform exists for the unknown function. We need to check that
this is the case after we found our solution

The Fourier cosine transform is used to extend a function defined only over a positive

domain across the entire reals. It is defined as: f(x) = %fooo cos(éx) f. (&) dé
The Fourier sine transform is similar to the cosine transform except that it produces an odd
rather than an even function. It is defined as: f(x) = %fooo sin(éx) f;(§)dé

In solving ODEs, the sine transform is useful if we have a Dirichlet boundary condition, while
the cosine transform is useful for Neumann boundary conditions

Important Properties of the Laplace Transform

If £(t) is Riemann integrable, with the integral fowlf(t)l dt < oo on all finite intervals and

f(t) < Ket ast — oo, then f(s) exists for s > o

Lerch's Theorem states that if f(t) and g(t) are continuous on (0, ©) and have the same
laplace transform, then f(t) = g(t)

Laplace transforms are particularly useful for initial value problems, as taking Laplace
transforms of derivatives naturally introduces initial values in the problem

When we solve an ODE by taking the Laplace transform of both sides, we are implicitly
assuming that the Laplace transform exists for the unknown function. We need to check that
this is the case after we found our solution

Proof of Laplace Transform Convolution Theorem

oo t

LI(f * )it — s] = f et f F()g(t — 1) dr de
0 0

=f f(r)f e Stg(t — 1) dtdr

= f e S f (1) fooe‘“e“g(t — 1) dtdr

o]

= f e STf(7) f —St=Dg(t — 1) dtdr
0

lett=u+r7

= fooe_”f(r) fooe_sug(u) dudt
0 0

= [ e g
0

= §(s) f e~STf(0) dr
,\0
LICF * )@t = 51 = GS)F ()



Proof of s-Shift Theorem

o]

LIHt-T)f(t—-T);t > s] = f e StH(t—T)f(t —T)dt
0

=f e SLF(t—T)dt
T
lett=T+1
=f e+ f(1)dr
0

= e‘STfooe_STf(T)dT
0
LIH({t = T)f(t = T);t = s] = e *Tf(s)

Proof of Periodic Function Transform

f(s) = f eSLF(t) dt
0

X (n+DT
= Zf e StF(t) dt
n nT

=0
lett=nT+7
X (n+D)T

:;LT e Stf(t) de

-3,

T
nOO

f e ST+ F(nT + 1) dr

By the property of periodicity f(t + T) = f(t), hence:

fs) = i fo emT ) f(r) de
n=0

3

T
e—san e_STf(T) dt
0

n=0
~ = T
& = e [ et
n=0 0
Identify the geometric series:
N 1 T
f(s)= 1——e‘5Tf e f(D)dr
0

Green's Function
The Green function is used for solving differential equations with source terms and homogeneous

boundary conditions. It is defined as the function that satisfies the following property (for any linear
differential operator L):

Lu(x) = f(x)
u(x) =fG(x,x’)f(x’) dx'



Thus, the Green function allows us to express the solution to a PDE in terms of an integral. The trick
is finding the Green function for a given equation and set of boundary conditions. There are two
main ways of going about this: by an integral transform, and by direct calculation.

Consider the example of solving y" (x) — k?y(x) = —f (x) where y(0) = y,:
Take the Fourier sine transform:

Ely" (0 x > &1 = §yo — £25:() — k*7:(9) = —£:(&)
Fs@E? + k2] = &yo + £()

g pe 7
55(8) = fff’kz + gf;fz)cz
Invert the transform:
) = % ) fzgiokz * Ef-(i—fl)cz ]
ya =2 Ef_f"kz g+ 2 [" LG o

Evaluating the first integral using tables, and writing the transform out explicitly in the second:

v = e 2 [ f FG)sin(ex) dr'dg
= yoe k¥ + E.[O .[0 mf(x’) sin(éx") dédx’

2 o (o] 1 . , ,

= yoe K + E.fo f(x’)f0 msm(fx )dédx

(x) = ype ¥ + Efoof(x’)G(x’ &) dx'
y Yo )y )

In evaluating the Green Function directly, the first step is to find a homogenous equation for which
the Green Function is the solution. One then solves this for the Green Function, using boundary
values and continuity properties in order to determine all unknown coefficients. Consider for
example the equation:
902G (x)
0x?

=-6(x—2¢)
Whereu'(0) = 0,u(1) =0

Solving this for G (x) yields:
—Ax + B, 0<x<
G(x):{—Cx+D, f<x<i
From neumann boundary condition:
G'(0):-A=0=A4=0

From dirichlet boundary condition:

G(1):-C+D=0=>C=-D
From continuity condition:

—Aé+B=—-C¢+D



B=-C¢-C
From derivative jump condition:

—A—-(-C)=-1
C=—
Hence:
D=—-(-1)=1
B=-C¢-C
B=¢+1
Thus we have:
&E+1, 0<x<é
G(x):{x+1, E<x<k1

Partial Differential Equations

Minimum and Maximum Principle for Harmonic Functions
A harmonic function is any function that satisfies the Laplace equation: that is it has a second

derivative of zero everywhere. The minimum and maximum principles state that harmonic functions
always attain their minimum and maximum values on the boundary. This is a simple consequence of
the nature of harmonic functions: if they had any internal turning points, their second derivative
would not be zero, and hence they would not be harmonic functions.

D'Alembert's Solution to the Wave Equation

This is a simple method for solving the one-dimensional wave equation:
0°u _ ,0%u
—_— =
ot? 0x?

The key of this method is the make the following change of variables:
E=x—ct, n=x+ct, ulxt)=vEn)

Hence:
ou 6v6§+ dv dn
at  0&at  odnoat

ou O0v ov
o ag 5@
dou 0 0

ot o T

Bzu_a ov 9 ov
9tz oy ot 0 ot

Substituting in our earlier expression:
0’u 9 ( 0 0 ) 0 ( 9 0 )
—=—c|z=—vc——=zvc|—=c|=—vc—=zvcC

otz an \an ' 3¢ oc “\an " " 5
,(0%v 0% ,(0%v  0%*v
= C —_— —_— C J—
on* 9&an ond§  9&an
92L=2§2_2g6%7+g92



By symmetry the derivative with respect to x will yield:
0’u 0% o 0%v N 0%v
ax2  9&2  “9&an  on?

Hence we can substitute these expressions into the original form of the equation:
0’u _ ,0%u

a2~ ¢ oxz
62@_ .2 0%v +c26\2—v= 2<02v+2 0%v +62v>
on? d0édn 0&2 0&2 0édn ~ 0n?

v 0%

- 9gan  9¢an

The only valid solution for this is:

’v
aéon 0

Integrating one with respect to each variable we find:

v(§n) =f(E)+gm)
u(x,t) = f(x —ct) + glx +ct)

Given initial conditions u(x, 0) = uy(x) and x;(x, 0) = vy(x), take the derivative:
u(x,t) = f'(x —ct)(—c) + g'(x + ct)(c)
ue(x,t) = clg’(x +ct) — f'(x — ct)]

Evaluate derivative at the initial condition and integrate:
vo(x) = clg'(x) — f'(x)]
X
1
[ 2vo@ds =g - r@
0

Evaluate original equation at initial condition:
u(x,t) = f(x —ct) + glx +ct)
u(x) = f(x) +g&)

Solve as simultaneous equations:

*1
[ 2@ s+ @ =g
0

*1
[ 2vo ds +ue) - g = g
0

171 d 1
90 =3 | S ds +5u
F) = u() ~ 9)

1 X
f) =uto -5

. EUO(S) ds — %u(x)

X

1r*1 1
fo) =5 Lvo)ds +Zu
0



Substitute back into original solution:
u(x,t) = f(x —ct) + glx + ct)
1r*1 1 1(*1 1
= EJ;, EUO(S) ds + Eu(x) + Efo EUO(S) ds + Eu(x)
x+ct

1 x—ct 1 1
=Zf0 vo(s)ds+5u(x—ct)+zf0 vo(s)ds+§u(x+ct)

x+ct
u(x,t) = %[u(x —ct) +u(x+ct)] + Z_f vo(s)ds

Diffusion Equation with Steady-State
Consider the diffusion equation:

T, = DT,
T(0,t) = To, T(L,t) = Ty, T(x,0) = f(x)

In order to solve this inhomogeneous equation, we use the trick of writing the solution as the sum of
a steady-state g(x) and a transient solution v(x, t):

u(x, t) = gx) + v(x,t)

First consider the transient portion. We seek a separated solution of the form:
v(t,x) = T(O)X(x)

Hence:
T'(t)X(x) = DT(t)X" (x)
1T'(t)  X"(x)
DT®) X&)

Thus we separate the equation into two ODEs:

17'(t)
DT®
T'(t) = —ADT(t)
1 dT(t)
T a - P
1
fde(t) = f —AD dt

logT(t) = —ADt + C
T(t) — e—)\D+C
T(t) = Ce Pt

X”(X) B
X(x)
X'"(x)+Xx)=0

Try solution of the form
X(x) = Acos(1/2x) + B sin(1Y/2x)

From the homogenous boundary condition (Dirichlet):
0 = Acos(0) + Bsin(0)



0 = Bsin(AY/2L)

2 AYV2L =
2
1= ()

Putting together the parts we find:
T(t,x) =T{t)X(x)
= Ce *P[A cos(A1/2x) + B sin(11/2x)]

T(t,x) = Bsin (nL_n x) e —\Dt

Using the principle of superposition (i.e. that the linear combination of any solutions is also a
solution):

nm
T(t,x) = Z B, sin (Tx) e~ADt
n=1

Now we consider the steady-state solution, which will have the form:

Tex =0
t,=C
t=C+ Bx

gx) =Ty + (Ty — To)x
Using this result, we can re-write the initial value for the homogenous problem:
u(t,x) = g(x) + v(x,t)
u(0,x) =Ty + (T; — Ty)x + v(x,0)
f(x) =Ty + (Ty — To)x + v(x,0)
v(0,x) = f(x) —To — (Ty — To)x

Now that we have a homogenous problem (with the proper adjustment made to the initial value),
we can simply substitute in the initial value to find a B,:

nm
— in (T —-ADt
T(t,x) = Z By, sm( I x)e
n=1
T(0,x) = Z B, sin (n_nx)
’ - n L
n=1
.
fx) =Ty — (T, —Ty)x = z B, sin (Tx)
n=1
We can solve for B,, using orthogonality:

[f(x) =Ty — (T — Ty)x] sin (?x) = i By, sin (? x) sin (? x)
n=1



fOL[f(x) — Ty — (Ty — Tp)x] sin (?x) dx = LLZBn sin (%x) sin (?x) dx

fOL[f(x) — Ty — (T; — Ty)x] sin (?x) dx = ZBn J;)L sin (nL_nx) sin (?x) dx

By orthogonality, the left most integral is zero unless m = n:

L o omm L
f [f(x) =Ty — (T — Ty)x] sin (Tx) dx = EBn
0

2 L
B, = Zfo [f(x) =Ty — (T; — Ty)x] sin (?x) dx

Hence we have our complete solution:

T(t,x) = i % UL[f(x) — Ty — (T; — Ty)x] sin (nTnx) dx] sin (nL_nx) e~ADt
n=1 L0

Poisson Equation with Symmetric Solution
Consider the inhomogeneous Poisson equation:

9%u N %u
0x2  dy?
u(x,y) = x + y on the boundary

-1

In order to solve this, we decompose the solution into radially symmetric and non-radially symmetric
components:
ulx,y) =Q(r,0) + P(r)

First consider the solution for the homogenous equation U(x, y). Begin by converting to cylindrical

coordinates:
0%2Q 100 1 0%Q

ar2 ' ror  r2o@2

As usual we seek a separated solution of the form:

Q(r,8) = 0(6)R(r)
Q'(r,0) = 0'(6)R(r) + O(6)R'(r)
Q" (r,0) = 0" (8)R(r) + 20'(O)R'(r) + O(OIR" (r)

Substituting this into the PDE:
R"(r)0(0) + %R’(r)@(@) + %R(T)@”(H) =0
1 1
R"(r)0(0) + ;R’(r)@(@) = —T—ZR(T)G”(H)

,R" () R'(r)  0"()

R TR - e - A

Consider first the ODE for the radial term:



,R" (1) TR'(T‘) _
R(r) R(r)
r2R"(r) + rR'(r) = —AR(1)
r?R"(r) +rR'(r) + AR(r) =0

-1

This is a Cauchy-Euler equation, which has solutions of the form r™. Now considering the second
ODE:

0" () B

)

0"(B)+10(0) =0

This has solutions of the form:
0(8) = Acos(21/20) + B sin(1'/20)

From the boundary condition, () = @(—m), hence it must follow that:
A2L = 2mn
Since L = 2m:
A=n?
0(0) = Acos(nb) + B sin(nf)

Combine these separated solutions in the original homogenous equation:

R"(r)0(6) + %R’(r)(i)(@) + %R(r)@”(@) =0

u(r,0) = 0(0)R(r)
Q(r,0) = [Acos(nB) + B sin(nb)|r"

The full set of solutions (by the superposition theorem) is given by:

A (0.0)
Q(r,0) = 70 + Z [4,, cos(n@) + B, sin(nb)|r"
n=1
Substituting in our boundary condition:
Ao

Q(r,0) =—+ [A,, cos(nB) + B, sin(nf)]r™

NgE

2

S
Il
[y

[A,, cos(nB) + B, sin(nf)]r™

NgE

. Ay
cos@ + sin6 =7+

S
Il
[y

From orthogonality we need A; = B; = 1and 4,, = B, = 0forn # 1:
Q(r,0) =rcosf + rsinf

Now that we have the solution for the homogenous part, we need to find the solution for the
radially symmetric part P(x, y). The symmetry means this can be written in the form:

P (7) +%P’(r) =-1

1d,
;E(TP (T)) =-1



fd(rP’(r)) = —frdr

1
rP'(r) = _ETZ + A

, 1 A
P(r)=—§r+;

dP(r) 1 A

o - 27

ap(r) = [ -2r+24
f (r)—f ET - r
1
P(r)=—1r2+Alogr+B

To avoid blowing up as r — 0, drop the log term:
1
P(r) = —Zrz +B
Substituting P(1) = 0:

0= 1+B
4
B_l
4
Hence:
P(r)=—-r%+-
P()_l—r2
)

Our complete solution is simply the sum of the two parts:
2

u(r,0) =P(r)+Q(r,0) = +rcosf +rsind

Laplace Equation on a Rectangle
Consider the Laplace equation:

Uy + Uyy =0
Subject to the boundary conditions:
u(0,y) =p(»),0<y<b
u(a,y) =q(),0<y<b
ulx,0)=rx),0<x<a
ulx,b) =s(x),0<x<a

It is convenient in this instance to consider a solution separated into two parts:
ulx,y) =U,y) +Vix,y)

ui,y)=0, V@Oy)=pl), 0<y<b
U(a,y) =0, V(a,y) = q(y), 0<y<b
U(x,0) =r(x), V(x,0) =0, 0<x<a
U(x,b) = s(x), V(x,b) =0, 0<x<a

First we solve the function U(x, y) by looking for separated solutions:



Ulx,y) = X(x)Y (x)

Taking the X (x) term first, it has solutions of the form:
X"(x)+ AX(x) =0, X(0)=X(a)=0

Solutions are of the form:

X(x) =Acos (mZ ) + B sin (erx)

Substituting in the boundary conditions we have:
X(x) = Bsin (ﬂ)
B a

The eigenvalue is thus given by:

Now turning to Y (y), this has solutions of the form:
Y'()—-AY(y) =0, Y(0)=r()Y(b)=s()

Solutions are of the form:
B nmy _ . /nmy
Y(y) = B cosh (T) + C sinh (T)
Putting the full solution together for U(x, y):

U(x,y) = Bsin (nZ ) [B cosh( a}/) + C sinh (?)]

U(x,y) = i Ay, Cosh ) + By sinh (7%73’)] sin (nT:x)
=1

Substituting in the boundary conditions we have:

Z[An cosh(0) + By sinh(0)] sin (=) = 7(x)

nZl A, sin ("a—x) = (%)

St () e (2 ()=t
ZAn sin (%) = (%)

We can then use orthogonality to solve for the coefficients:

[oe]

Z A, sin (?) sin (?) = sin (%) r(x)

n=1

i [Anfo sin nrrx) sin (n:l[x dx] —f sin (na )T(X) dx

n=1



Do () uson (7 o s ) =rwrsn ()
; foa [An cosh (TlTﬂb) + By, sinh (r%b)] sin (nnx) sin ("ax) - f r(x) sin (?) dx

a h nmh ) h nnx dx
> [An cos (T) + B, sin ] f r(x) sin T)
__(nmhb 2 (¢ . /nTX 2 nih . /nmx
B,, sinh (—) = —f r(x) sin ( ) dx —— cosh — r(x) sin (—) dx
al, a a a

B,, sinh (nzb = U r(x) sin (nax) dx] (1 - cosh( b))
b
_ z[foar(x) i (nT:-x) dx] 1 —cosh (%)

sinh (m;b)

The method for the other half of this problem is exactly symmetrical. The complete solution should
look something like this:

u(z,y) = iy blll( + 3 b sin(— —_—
"2; sinh(E K) ; ’ : sinh (E K)
L L
- sinh(E (L— y)) o sinh(E y)
; (2 ) K p ‘m(ﬂ _E) K
+;C” SES sinh(E L) ’ :; " K sinh (E L)
K K

coefficients ay,, by, ¢y, dy, calculated by

an= T j a1(y) hm(f )a’y\ neN,
b= T fa g2 (1) sin(f y)dy\ neN,
= %jf filz) sin(% .r:)d.?:\ n €N,
dn = %jf falz) sin(% .r:)d.?:\ n €N

Proof that Eigenvalues are Positive
To prove that in standard homogeneous boundary conditions the eigenvalues are always positive,

begin with the differential equation:
X'x)+AX(x) =0

Integrate:
L

L
fX(x)X”(x)dx+/1j X(x)?dx =0
0 0



L ) L
X' ()X ()]s — f (X' (x))" dx + Af X(x)?dx =0
0 0

From the boundary conditions (X'(0) = X'(L) = X(0) = X(L) = 0) we have:

L ) L
X' ()X ()15 - f (X'(x)) dx + A.f X(x)?dx =0
0 0

L ) L
—f (X'(x)) dx+/1f X(x)?dx =0
0 0

A fOL(X’(x))2 dx
- fOLX(x)2 dx

Which being the ratio of two positive numbers, is always positive. Hence 4 > 0.

Proof that Distinct Eigenfunctions are Orthogonal
Begin with two distinct eigenvalues of the differential operator:

Xy (x) + AX;(x) =0
Xy (x) +pX,(x) =0
Multiply each equation by the other eigenfunction:
X3 (0)X, (x) + 21X (0) X, (x) = 0
Xy ()X (%) + uX, ()X (x) = 0

Integrate both expressions over (0, L):

fo LX,{’ ()X, () + 21X, ()X, (x) dx = [X,, (x)Xi(x)]z - fo LX,{(x)X,Q () + AX ()X, (x) dx
jo LX,'; ()X (x) + X, () X5 (x) dx = [X3(0)X), (x)]z - fo LXA’(x)X,;(x) + uX; ()X, (x) dx
Subtract the resulting expressions:
(X)X )], - fo LX,{ ()X}, (x) + AX, ()X, () dx — [X3 ()X (0]
+ fo Lxl'(x)x,; () + X5 (X)X, (x) dx = 0
= [X. %@ - [0X@]; - fo Laxl(x)xu (x) dx + fo LuX,l(x)Xu (x) dx
= (%l - X @]+ w2 | KK () dx

For Dirichlet, Neumann, or periodic boundary conditions, the first two terms will be zero, hence:

L
(=2 [ KCOX, @) dx = 0
0

If the eigenvalues are distinct, u # A, and hence the orthogonality condition follows:



L
f X3(0)X,(x)dx =0
0



